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1 Use-case Specifications

SSSP(s)(v)

NP(s)(0)

LP(s)(v)

SL(s)(v)

LL(s)(v)

WP(s)(0)

NP(s)(v)

FR(s)(v)

CC(v)

CCS(v)

BR(s)(v)

BFS(s)(v)

i ight
pepaintsn VBN

| Paths(s,0) |

ight
permtiniso B P)

i length
peP?gﬁls’l(s,v) eng (P)

length
s )

max capacit
pePaths(s,0) P Y(P)

min capacit
pePaths(s,v) P Y(P)

True
pePaths(s,0)

i head
pngltll?s(v) ead(p)

) {head(p)}

pePaths(v)

True
pePaths(v,s)

penultimate( argmin
pePaths(s,0)

Fig. 1. Use-cases for R f(p) and f(
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Fig. 4. Use-cases for nested m @ m
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Rapius = min max min length(p) Radius Sampled on vertices {v}
se{v} veV pePaths(s,0)

DiaM = max max min length(p) Diameter Sampled on vertices {o}
se{v} veV pePaths(s,v)

Diam . . .
DRR = Diameter to Radius Ratio
Rap1us

max max  min length
se{o} veV pePaths(s,0) & (P)

min max  min length
se{v} veV pePaths(s,0) & (p)

BC(s) = letS:=A1s,0. min  length(p) in
pePaths(s,0)
let N := As,0. largs  min length(p)| in
pePaths(s,0)
D N(0)(s) x N(s) (1)

v#ELEV A
Z S(0) (s)+5(s) (1)=S(v) (¢)

vES Z N (U: t)

v#EteV

Fig. 7. Use-cases forr & r

BC specifies the betweenness centrality algorithm from a sampled set of nodes s. For every
pair of nodes (source is from sampled set and destination is over all the nodes), it calculates the
number of shortest paths that goes through s. The nominator calculates the number of sortest paths
(N) from o to t that passes through s. It uses a vertex-based reduction constrained by path-based
reductions similar to DS. Similarly, the denominator calculates all the shortest paths from v to
t. Finally, Betweenness Centrality measure is calculated using sum vertex-based reduction over
sampled nodes.
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Fig. 8. Use-cases with map values
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2 Specification and Fusion

2.1 Semantics

JFReD SMBIN
[L@P?’(p)ﬂ (9) = v RAF () Ip e [P](@W}Hiev(y [mem'](g) = [m](g)®[m'] (9
SMLET VAR
[ilet X = Mine] (g) = [vo [e [X = [M] (9] Tyeviy) [x](9) = L
SVReD SRBIN
[2n]@ - & {00 o} rerlo - Fl@el10)
SRLET
ilet X := M in
e e @) = [e[x = [RIX = [E X = [M] 0)11] 1 (9)]]
SPATHS
[Paths] (g) = [v {p|p € Paths(g) A tail(p) = vivev(g)
SARGSR

P = [P](9)v)
|[args7€ T(p)ﬂ (99 = [vo{plpePAF(p) = n}]VEV(g) where R € {min, max}
pepP n=RA{F(p)|peP}

SMM

SMPAIR SRPAIR
[l @ = (Ml wl@)  [RFI=| & 76|  [®r)6 = ((RI0.IK )
SRR
[® (v mdvevig v wldvevig) )| = |[75 (I s nmvewy))ﬂ
SEBIN SEVAL SEM SEEPAIR

[ede] = [e]o[e'] [n] =n [d] =4 [<E.Ey]=([E].[E'])

Fig.9. Denotational Semantics of the language presented in Fig. 9 of the main paper. The notation [k; > v;];
represents a finite map that maps each key k; to value v; over the range i. The notation X := V represents
pointwise replacement of the variables X with the values V.

We now define a denotational semantics for the language that we presented in Fig. 9 of the main
paper. We first present the semantics and then prove that it is compositional.

The semantics is defined in Fig. 9. Given a graph g, separate rules define the semantics [ ] of
each term constructor. The semantics of an undefined or stuck computation is represented by L. In
each rule, it is assumed that the semantics of subterms are not undefined; otherwise, the semantics
of the term is undefined as well. The semantics of term constructors with no rules is L too.

The semantics of m terms are defined by the rules SPREp, SMBIN, SMLET and VAR. Given a graph
g, the semantic domain D,,, of m-terms is a finite map V(g) — N from each vertex of g to natural
numbers, and L (for undefined). The rule SPRED defines the semantics of the path-base reduction

ﬁp?‘(p). (We use the notation [k; — v;]; for a finite map that maps each key k; to value v; over
p
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the range i.) It uses the semantics of paths P that is a map from each vertex v to the set of paths
to v. For each vertex v, it applies the function ¥ to each path to v and then applies the reduction
function R to the resulting values. Since the reduction functions R (in the semantic domain) are
commutative and associative, they can be applied to the set in any order. The rule SMBIN defines
the the semantics of m @ m’ as the result of the operator @ on the semantics of m and m’. Whether
the notations R and @ refer to the syntactic or semantic domains is clear from the context: they are
in the syntactic and semantic domains when they are respectively on the left- and right-hand side of
the rules. The operator @ is simply lifted to maps of the same domain by the pointwise application
for each key. The rule SMLET defines the semantics of ilet X := M in e as the pointwise substitution
of the variables X with the semantics of M in e. Pointwise substitution replaces variables with
values from a corresponding pair of structures. (The formal definition of substitution is available in
the appendix § 4.1). The rule VAR states that the semantics of free variables is undefined.

The semantics of r terms is defined by the rules SVRED, SRBIN, and SRLET and VAR. The domain
D, of of r-terms is the natural numbers N and L. The rule SVRED defines the semantics of the
vertex-based reduction 7\5 m using the map resulted from the semantics of m; it reduces the values

of the map for all vertices. The rule SRBIN defines the semantics of » @ r” as the result of applying
the operator & to the semantics of r and r’. The rule SRLET defines the semantics of triple-let terms
by three subsequent substitutions: the substitution of the variables X with the semantics of M in E,
the substitution of the variables X’ with the semantics of E in R, and finally the substitution of the
variables X"’ with the semantics of Rin e.

The semantics of paths P is defined by the rules SPATHS and SARGsR. The rule SPaTHs defines
the semantics of the term Paths as a map from each vertex to the set of paths to the vertex. The
rule SARGSR defines the semantics of args R ¥ (p) where R is min or max using the map resulted

pEP
from the semantics [ P ] of P; it maps each vertex v to a subset of the paths that [ P ] maps v to: the
paths that their ¥ value is the minimum or the maximum.

The rules SMPAIR, SRPAIR, and SEEPAIR define the semantics of pairs of M, R and E inductively.
The two rules SMM and SRR reduce the semantics of single factored reductions to normal reductions.
The rule SMM defines the semantics of R ¥ as a path-based reduction on the paths Paths. The rule

SRR defines the semantics of R <[v = nylvev(g)s - [V n\,/]VEV(g)> as a vertex-based reduction

on {ny, .., n(,)vev(g). The rules SEBIN, SEVAL, and SEM define the semantics of expressions e. An
expression e can represent both a number and a vertex-based reduction. The operator @ is overloaded
for both numbers and maps in the semantic domain.

The semantics is compositional. If two terms are semantically equivalent, replacing one with the
other in any context is semantics-preserving. Compositionality of the semantics is used to prove
that the fusion transformations are semantic-preserving. The following theorem states that all the
terms r, m, M and R are compositional. The proofs are available in the appendix § 4.2.

LEMMA 1 (COMPOSITIONALITY).

Forallr,r" andR, if [r] =[r"] then [R[r]] = [R[r']].

Forallm, m’, and M, if [m] = [m’] then [M[m] ] = [M[m'] ].
Forall M, M’, and Ms, if [M] = [M’] then [Ms[M] ] = [Ms[M'] ].
ForallR, R, andRs, if [R] = [R’] then [Rs[R] ] = [Rs[R']].
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2.2 Language and Fusion Extensions

In this section, we describe the language extensions and their corresponding fusion rules. Fig. 10
represents the extensions to the syntax for the following subsections.

r = |Rmor|||| Rm||l|ror | lor I n |  Vertex-based Reduction
A% veV L----4
ilet X := M in
mlet X = E in
rlet X := Rin
e | x
m = RPF(p) | me&m | Path-based Reduction
pe
"
P = ‘ Paths(v) | Paths(v,0”) || | argsR F(p) Paths
— pEP
M = (MM)|||RF
[
R = | 75 méR Context for r
v Vertex Variable
s = o| 1 Source
0o = — | « Orientation
c = so| {cc) Path Configuration
R = [ U | N Reduction Operation
F o= | Path Function

... | vhead | penultimate
L |

Fig. 10. Extended Syntax. Dashed boxes for § 2.2.2 and § 2.2.3, solid boxes for § 2.2.6, and double solid boxes

for § 2.2.4
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2.2.1

Common Operation Elimination

IELim

ilet (X1,X2) = (RF,RF)in

mlet X’ := Ein

rlet X’ :== Rin

e

ICom

ilet (X1, Xz) = (My, Mp) in
mlet X’ := E in
rlet X"’ := Rin

e

IAssL

ilet (X1, (X2, X3)) = (M1, (M2, M3)) in
mlet X’ := E in

rlet X"’ :== Rin

e

TAssR

ilet ((X1,X2), X3) = ((M1, Mz), M3) in
mlet X’ := E in

rlet X’ .= Rin

e

ilet X7 =R F in

mlet X' == E[Xz = Xl] in
rlet X" := Rin

e

ilet (X2, X1) = (Mg, M;) in

mlet X’ := Eiin
rlet X"’ :== Rin
e

ilet ({(X1,X2), X3) = ((X1,X2), M3)) in
mlet X’ == Ein

rlet X" := Rin

e

ilet (X1, (X2, X3)) = (M1, (M2, M3)) in
mlet X’ := Ein

rlet X’ := Rin

e

Fig. 11. Common Operation Elimination

11

Fusion factors the path-based reduction, and vertex-based mappings and reductions. The factoring
facilitates common operation elimination. For example, if a path-based reduction is calculated twice
and assigned to two sets of variables, the extra calculation can be eliminated and the result of one

calculation can be assigned to both sets of variables.

Fig. 11 shows the elimination rules for path-based reductions. The rule IELim applies to adjacent
similar path-based reductions. The second reduction is eliminated. The variables for the second
reduction are substituted with the variables for the first reduction. To bring two path-based
reductions adjacent to each other, the rules ICoM, IAssL and IAssR state the commutativity and
associativity properties of pairs of path-based reductions.

Similar eliminations can be applied to the factored vertex-based mappings in the second let and

the factored vertex-based reductions in the third let.

As an example of common operation elimination, see the fusion of the use-case DRR in § 2.3.
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2.2.2 Domain

The scalar semantic domain of the core language was confined to the natural numbers. The
domain can be simply extended to booleans, vertex identifiers and also sets of values. The reduction
operations are extended with union U and intersection N and the path functions are extended with
head and penultimate. The function head returns the identifier of the head vertex of the path and
the function penultimate returns the identifier of the penultimate (that is the vertex before the last)
of the path. These extensions are shown in dashed boxes in Fig. 10

2.2.3  Unary operations and Literals

FIL1T
n =

FMLVAR
iletx:=_Linn x = letx’:=_1linx
FMPaIr”

(x,X) = (L, M)

FMPaIr’

X,x)y =M, L)y — X:=M - X=M

FRL1T

n = letx:=_Llin
mlet x” := Lin

rletx” == Linn

FRPAIR”
(x,X) = (L,R)

FRPAIR’

X,x) =(R,L)y — X:=R — X :=R

FRUNI

ilet X .= Min
mlet X’ := Ein
rlet X’ :== Rin
e

FIUNI

o(iletX=Mine) = iletX:=Minoe )

ilet X := Min
mlet X’ .= Ein
rlet X" := Rin
oe

Fig. 12. Extended Fusion Rules for Unary operators and constants

In this section, we present the fusion rules for the natural number literals n and unary operators
o. As other rules expect terms to be in the let form, the two rules FILIT and FRLIT transform a
literal to dummy m let and r let forms. Since the two rules FMPAIR and FRPAIR apply to only non-_L
reductions, the rules FMPAIR’, FMPAIR", FRPAIR’ and FRPAIR" remove the dummy L reductions.
The two rules FIUNT and FRUNT simply apply the unary operator o to the resulting expression e.
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2.2.4 Vertex Variables

FPRED FPRED’ FPRED”’

R F R F R F
pePaths(v) () pePaths(v,0) () pePaths(v,0) (p)
>m >m S>m
iletx = R Finvx iletx = R Fino' x iletx = R Finvx
1— 01— v —

FILETBIN
(ilet X7 :==Miinve;) & (ilet Xy = My inovep)

free(e1)) N X2 =0

=m free(e2) N X1 =0

ilet (X1,X2) := (My, Mz) inov (e; @ e3)

FVRED
FMPAIR Rv(iletX =R finve) =, iletX:=R fin
=2 17 7 € ¢ c
<7§ 7:’75/ a > =M ZEC,) F ’ mlet x := e in
; . L
where 7 = Ap. (F'(p),F(p)) rlet x” .= R xinx

R ((a,b),(a’,b")) =
(R(a,a’), R’ (b,b))

Fig. 13. Extended Fusion Rules for Vertex Variables

The syntax of the core language offers the simple term Paths that does not specify the source
and destination of paths. Further, the vertex-based reduction R m does not bind a vertex variable.

In this section, we extend the core syntax with path terms that can specify vertex variables as
source and destination and vertex-based reductions that can bind vertex variables. We extend the
fusion rules for the extended syntax.

In Fig. 10, the double boxes shows the extension to the core syntax presented in Fig. 9 to support
vertex variables. Only the changed or new non-terminals are shown and the updated parts are
boxed with solid lines. The extended vertex-based reduction R m binds the vertex variable v. The

veV

path constructors specify source and destination: the term Paths(v) specifies the set of paths with
any source and the destination v and the term Paths(v,v”) specifies the set of paths with the source
v and the destination v’. In its simplest form, a factored path-based reduction M calculates the
reduction over paths from a source vertex v to every destination vertex v’ and stores the result
in the destination vertices v’. It can also calculate the reduction over paths from every source
vertex v to a destination vertex v’ and store the result in the source vertices v. We call the vertex
variable where the result is stored, the target vertex. The let constructor ilet X := M in v e of the
path-based reductions m carries the vertex v that stores the result of the factored reduction M with
the expression e.

The source s of paths can be either a vertex v or none L. The orientation o of paths is either
forward — or backward «. The configuration c of paths is the pair of their source and orientation, or
a pair of other configurations. A single factored path-based reduction 75 ¥ carries its configuration
c.

Fig. 13 shows the extension of the core fusion rules presented in Fig. 11. Only the updated fusion
rules are shown. The rules FPRED, FPRED’ and FPRED”’ convert path-based reductions over paths
terms to the let form. The rule FPRED converts a path-based reduction over Paths(v) to a let term
with a factored path-based reduction that has no source L, forward orientation —, and the target
vertex v. The rules FPRED’ and FPRED" both convert a path-based reduction over Paths(v,v”) to let
forms. The former stores the results in the destination vertices and the latter stores the results in
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the source vertices. The former results in a let term with with a factored path-based reduction that
has source v, forward orientation —, and the target vertex v’. The latter, on the other hand, results
in a let term with a factored path-based reduction that has source v’, backward orientation «, and
the target vertex v.

The rule FILETBIN fuses an operation between two path-based reductions in the let form to one.
The operation can be applied to the resulting expressions of the two let terms only if they are
stored in the same target vertex. Therefore, the rule checks that the explicit target vertex of the
two let terms match.

The rule FMPAIR simply passes the configurations of the two reductions to the fused reduction.

A vertex-based reduction applies a reduction to the results of a path-based reduction over
all vertices. The rule FVRED converts the application of a vertex-based reduction to a path-based
reduction to the triple-let form; it checks that the vertex bound by the nesting vertex-based reduction
matches the target vertex of the path-based reduction.
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2.2.5 Syntactic Sugar
FMRED
F (argR F'(p)) = ilet (x6,x"y = R F"(p)inx’
peP pep
F" = pAF(p). F(p)
R’ ({a, b),{a’,b’)) = if (R(a,a’) = a) then (a,b) else (a’,b")

where R € {min, max}

PS1ze
|P| = Z 1
pEP
ROr
R m = ((mlo:=01] Rm[v:=0])R.. m[v:=uy])
0€{Vv1,.,0n }
VSEL
R m = let{x,x"y:= R (m' ,m)in
veVAmM veV
if x then x’else L
where

R’ ({a,b),{a’,b")) =
if (a A a’) then {(a, R(b,b’))
else if (a’) then (a’,b’)
else {(a, b)

Fig. 14. Syntactic Sugar

Syntactic sugar enable concise specifications. In Fig. 14, we present the syntactic sugar and the
rules that desugar them.

The term 7 (argR F'(p)) where R is either min or max first finds a path p in P with the
peP
minimum or maximum value for the function ¥’ and then returns the result of applying ¥ to p. It
is used to specify the BFS use-case. The rule FMRED expands this term to a path-based reduction in
the let form ilet {x, x") := Rl’u F"(p) in x’. The path function ¥’ returns the pair of the results of
PE

¥’ and ¥ . The reduction function R’ returns the input pair with the minimum or maximum first
element.
The term |P| specifies the size of the set of paths P. It is used to specify the NSP use-case. The

rule PS1zE simply expands it to the path-based reduction }; 1 that counts the number of paths.
peP

The term { R }m is a vertex-based reduction over a limited set of vertices {vy, ..,v,}. It is
ve{ovy,..,on

used to specify the Raprus use-case. The rule ROpr expands this term to operations between to
path-based reductions m[v = v;],i € {1..n}. The operation corresponds to the reduction function
R; for example, the reduction function }; is unrolled to the operation +.

The term VR m specifies a vertex-based reduction of m over the selected vertices v for which
veVAmM

m'’ evaluates to true. This idiom was used to specify the DS use-case. The rule VSEL expands it to
the path-based reduction 73\’/(m’, my). The path-based reduction calculates a pair of values for m’
ve

and m at every vertex. Then, the vertex-based reduction R’ only reduces the second elements of
the pairs whose first element is true. Given two input pair, the vertex-based reduction R’ applies
the reduction R to the second elements if the first elements of both pairs are true. Otherwise, the
pair whose first element is true is selected. If the first element of both pairs is false, either of them
can be selected; this definition selects the first. Finally, in the following if expression, there are two
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cases. If there has been pairs whose first element is true, the result of the reduction is a pair with
true as the first element and the result of the reduction as the second element. In this case, the
second element is returned. Otherwise, there has not been any pair with true as the first element.
In this case, none is returned.
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2.2.6 Nested Triple-lets

FRR
r. =r nr

R[r] =» R[r]

Fig. 15. Extended Fusion Rules for Multiple Rounds

The core syntax supports expressions that can be fused to a single iteration-map-reduce triple-let
term. In this subsection, we extend the core syntax to support nested vertex-based reductions, and
extend the fusion rules to fuse nested reductions. Nested triple-let terms that are closed (i.e. do
not have free variables) can be factored out. Thus, nested triple-let terms can be translated to a
sequence of iteration-map-reduce rounds on the graph.

In Fig. 10, the single boxes show the extensions to the core syntax presented in Fig. 9 to support
multiple rounds. The constructors of vertex-based reductions r include the new term 7\5 m&r where

an operation @ can be applied to a path-based reduction m and a nested vertex-based reduction
r. This nested r leads to a round of iteration-map-reduce. Similarly, the vertex-based reduction
contexts R include the term R m @ R so that the nested vertex-based reductions can be fused as

well. As Fig. 15 shows, the fug/ion rules are extended by the rule FRR to allow the fusion of nested
vertex-based reductions.

For example, consider the following use-case LTRUST that calculates the capacity of narrowest
path to the nodes that fall out of the radius from the node s.

LTrusT(s) = letSSSP :=As,0. min weight(p) in
pePaths(s,v)
let NP := As,o. min capacity(p) in
pePaths(s,0)
min NP(s,v)

vev A SSSP(s,v) < RADIUS

Unrolling the let terms results in the following:

LTrusT(s) = min min  capacity(p)
pePaths(s,v)

0EV A ( min weight(p)) < RaDIUS
pePaths(s,0)

By the rule VSEL, this specification is desugared to the following:

LTrusT(s) = u§v <(pePl;1;1hi£l(s,v) weight(p)) < Raprus, (pePl;l;llgl(s,v) capacity(p))>

where  R(b,{a’,b")) =
if (a’) then min(b, ")
else b

We note that in the above specification, the path-based reduction SSSP(s,v) < Rapius includes
the nested vertex-based reduction Rabrus. From Fig. 2, Rap1us can be fused to following:
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ilet (x,y) == R’ Fin F = Ap. (length(p), length(p))
T R’ ((a,b), (a',b')) =
Raprus = | mlet (x",y") = (x,y) in . where (min(a, a’), min(b, b"))
rlejt x",y")y =R (x",y’) in R” ({a,b), {a’,b")) =
min(x",y") (max(a, a’), max(b,b’))

Therefore, The rules FRR can be used to fuse the nested Rapius term to the above triple-let
term. Then, since RADIUS is a closed term, it can be factored out as a let term. Thus, LTRUST can be
rewritten as follows:

ilet {x,y) = R') Fin

(s1,52
LTrusT(s) = let radius:=| mlet (x.y") = (x,y) in in
rlet (x”,y”) = R"” (x’,y’) in
min(x”, y//)

.R . . ht < d ) . it
Ay <(pepglt1hl?(s’v) weig (P)) radius (pEPgtllgl(s,u) capaci y(p))>

By the rule FPRED (and then for the first element of the pair, the rules FMLVAR, FILETBIN and
FMPAIR’), it can be fused to the following:

ilet (x,y) == R’ Fin

(s1,52)
LTrusTt(s) = let radius = mlet (x,y’) := (x,y) in in
rlet (x”,y”") = R"” (x’,y’) in
min(x", y//)
RV <ilet x = min weight in x < radius, ilet y := min capacity iny
vE S S

By the rule FILETBIN, it is fused to the following:

ilet (x,y) = 7{’) F in

(s1,52
LTrRusT(s) = let radius :=| mlet (x,y') = (xy)in in
rlet (x”,y”) == R” (x’,y’) in
min(x”, y//)

Rv (ilet (x,y) = (min weight, min capacity) in (x < radius, y))
Ve S N
By the rule FMPAIR, it is fused to the following:

ilet (x,y) = 7{’) F in

(51,82

LTrRUST(s) = let radius := | mlet (,y') = (xy) in in
rlet (x”,y”) == R” (x’,y’) in
min(x”, yu)

R ilet (x,y) = R"”" F'in (x < radius, y)
veV (s,s)
where F’ = Ap. (weight(p), capacity’(p))

R ({a,b),{a’,b")) =
(min(a, a’), min(b, b’))
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By the rule FVRED, it is fused to the following:

ilet (x,y) = R’ Fin
(51,52
LTrusT(s) = let radius = | mlet (,y') = (xy)in in

rlet (x”,y”) = R"” (x’,y’) in
min(x”, y//)

ilet (x,y) = R” F’
(s.)

mlet {(x’,y’) := in (x < radius,y)

rlet x” == R (x’,y’) in

x//

The above specification is the sequence of two iteration-map-reduce triple let terms.
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2.3 Example Fusions

Anon.

We saw the fusion of the Rap1us use-case in the paper, Fig. 2, and the fusion of the LTRUST use-case

in § 2.2.6. In this subsection, we present the fusion of the DS and DRR use-cases.

DS(s)

veEV A ( min weight(p)) >

ﬂv <( min weight(p)) > 7, {0}> where

R

veV

R

veV

R

veV

pePaths(s,v)

pePaths(s,0)

{0}

7

R({a,b),{a’,b")) =
if (a Aa’) then (a,bU D)
else(a) then (a, b)
else (a’,b’)

((iletx ‘= min weight in x) >iletx’ = 1Lin7,
S

R({a,b),{a’,b")) =

ilet x’” := L in {v}) where

if (aAa’)then{a,bUb’)
else(a) then (a,b)
else (a’,b")

(ilet (G5, x"),x"") = ((min weight, 1), L) in (x > 7, {v}))

(ilet x = min weight in (x > 7, {v}))
N

ilet x := min weight in
N

mlet x” := (x > 7,{v}) in
rlet x” .= R x’" in

X

144

where

R({a,b),{a’,b")) =
if (a Aa’) then (a,bUD’)
else(a) then (a,b)
else (a’,b’)

By VSEL

By FPRED and FIL1T

By FILETBIN

By FMPAIr’

By FVRED
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DRR

Diam
Rapr1us

max max min
se{s1,s2} v€V pePaths(s,0)

length(p)

min max min
se{s1,s2} v€V pePaths(s,0)

ilet (x1,y1) = <min F in

51,52
mlet (x{,y;) = (x1,y1) in
rlet {(x;",y1") = R (x],y7) in
max(x;’, y;")

length(p)

min ¥ in
S1,52

mlet (x},y5) = (x2,y2) in
rlet {x;,y3") = R (x,y3) in
min(x;’, y;’)

ilet (x2,y2) =

where

F = Ap. (length(p), length(p))
R ({a,b),{a’, V")) =

(max(a, a’), max(b,b"))

ilet ((x1,y1), (x2,42)) = ( min_F, min F) in

<12

S1,52

mlet ((x],y1), (x2,y2)) = ({1 Y1), (x2,y2)) in

rlet ((xy", y1"), (x),y5)) =
max(x]’, y;") /min(x;’, y5')

ilet (x1,y1) == min ¥ in
(51,82)

(R (x]y1), R (x5, 43)) in

mlet ((x{,y7), (x2,y2)) = ((x1,y1), (x1,y1)) in

rlet ((x7",y1"), (x5 y5))) =
max(x;’,y;") /min(x}’, y5’)

S1,52)
mlet (x{,y;) = (x1,y1) in
rlet ((x7’, y1’> (x3, yé')) =
max(x1 y1 )/mln(x2 y2

ilet (x1,y1) := min ¥ in

(s1,52
mlet (x{,y;) = (x1,y1) in
rlet (x;",y1") = R (x],y7) in
max(x;’,y;") /min(x{’,y;")

( ilet (x1,41) == min ¥ in

where

(R (x],yp). R (x3,y5)) in

(R (], y}). R (x],y})) in

F = Ap. {length(p), length(p))
R ({a,b),{a’,b")) =
(max(a, a’), max(b,b’))

21

Similar to Fig. 2 for

RaDI1US in the paper.

By FLETSBIN

By IELim
Common
path-based
reduction
elimination

Similarly,
by Common
vertex-based

mapping
elimination

Similarly,
by Common
vertex-based

reduction

elimination
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3 Mapping Specification to Iteration-Map-Reduce
3.1 Iterative Reduction and its Correctness

We consider four variants of iterative reduction based on whether the values of the predecessors
are pulled by the vertex itself or pushed by the predecessors, and whether the reduction function
R is idempotent.

3.1.1  Pull Model
Pull model with idempotent reduction.

THEOREM 8 (CORRECTNESS OF PULL (IDEMPOTENT REDUCTION)). Forall R, ¥,C, I, P, andk > 1,
if the conditions Cy - Cy hold, then S§u||+(v) = Speck(v).

The full proof is available in the appendix § 4.4.1. We prove by induction that after each iteration
k, the value S§u|[+(0) of each vertex v is Spec¥(v) that is the reduction over paths to v of length

less than k. At the iteration k = 1, the specification Spec!(v) requires reduction on only the paths
of length zero to each vertex. Therefore, by the conditions C; - C,, the initialization function I
properly initializes each vertex v to Spec!(v). In each iteration k + 1, if there is any predecessor
of the vertex v whose value is changed in the previous iteration k, then their new values are
propagated by P and reduced together by R and then reduced with the current value of v. By the
conditions C; and Cs, the reduction function R is commutative and associative, and can be applied
to the propagated values in any order. By the induction hypothesis, the value of each predecessor u
is the reduction of the paths to u of length I, 0 < [ < k. The predecessors that have no paths and
store L are ignored by the conditions C; and C¢. By the conditions C,4 and Cs, the propagation of
the value of a predecessor u of the vertex v is equal to the reduction over the paths to v that pass
through u. Since these paths include at least the edge (from u to v), their length [ is 0 < [ < k + 1.
The previous value of v itself is the reduction over paths to v of length [, 0 < I < k. Since, the
reduction function R is idempotent, reducing these two values absorbs the values of the repeated
paths and results in the reduction over all paths of length [, 0 < I < k + 1. If the value of none of
the predecessors is changed in the previous iteration, then the above reduction is skipped, and it
can be shown that the current value of the vertex is already equal to the above reduction.
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Pull model with non-idempotent reduction.

THEOREM 9 (CORRECTNESS OF PULL (NON-IDEMPOTENT REDUCTION)). Forall R, ¥, I, P,k > 1,
ands, let C(p) = (head(p) = s), if the conditions C; - Cg hold, and s is not on any cycle, SF])‘u”_ (v) =

Speck(v).

The full proof is available in the appendix § 4.4.2. The proof of this theorem is similar to the
proof of Theorem 8. Based on the induction hypothesis, the reduction of the propagated values
covers the paths of length [, 0 < I < k + 1. The current value of v itself covers the paths of length /,
0 < I < k. Since the two sets of paths overlap and the reduction function may not be idempotent,
the reduction with the latter is avoided. However, no path is missed by avoiding the reduction. The
difference is only the paths of length 0. The vertices other than the source s do not have a path of
length 0 from s. The source s is correctly initialized to the value of ¥ on the zero-length path (s, s)
from s to itself, and since s is not on any cycle, its correct value is never overwritten.
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3.1.2  Push Model
Push model with idempotent reduction.

THEOREM 10 (CORRECTNESS OF PUSH (IDEMPOTENT REDUCTION)). Forall R, ¥, C, I, P, and
k > 1, if the conditions C; - Cy hold, SF’)‘ (v) = Speck(v).

ush+

The full proof is available in § 4.4.3. Similar to the proof of Theorem 8, the reduction function
should be idempotent since the reduced values may cover overlapping sets of paths. The main
difference is that instead of propagating and reducing the values of all the predecessors of v, only
the values of the predecessors {u} of v that have been changed in the previous iteration k are
propagated and reduced. Therefore, the values of the unchanged predecessors {w} of v are not
reduced with the current value of v. However, the resulting value of v does not miss any path to v
that goes through an unchanged predecessor w. If w is never changed, there is no path from the
source(s) to it. If it is changed in the previous iterations, in the last such iteration, its value has been
already reduced with the current value of v.
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Push model with non-idempotent reduction.

This model works for non-idempotent (in addition to idempotent) reduction functions. We
consider two instances of this model: first the basic and then the optimized iteration model.

The first variant of push, non-idempotent was defined in Fig. 8, Def. 4.

THEOREM 11 (CORRECTNESS OF PUSH (NON-IDEMPOTENT REDUCTION) I).
Forall R, F,1,P,k > 1, ands, let C(p) = (head(p) = s), if the conditions C; - Cg hold, and s
is not on any cycle, S;‘ush_ (v) = Speck(v)

The full proof is available in the appendix § 4.4.4. The proof of this theorem is similar to the
proof of Theorem 9. Based on the induction hypothesis, the reduction of the propagated values
covers the paths of length [, 0 < I < k + 1. Let us consider the paths of length 0. The vertices other
than the source s do not have a path of length 0 from s. The source s is correctly initialized to the
value of F on the zero-length path (s, s) from s to itself, and since s is not on any cycle, its correct
value is never overwritten.
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The second variant is represented in Def. 7 below. Let the value of the vertex v in the iteration k
be represented as S F’)‘ush_(v). The main difference with the previous model is that every changed
predecessor u; first rollbacks its previous update before applying its new update. The rollback
function B, given a value n and an edge (u, v) where n is the previous value of u, defines the value
that is propagated to v to be rolled back. The rollback value is expected to cancel the previously
propagated value. For example, for the PAGERANK use-case as Fig. 7 shows, the rollback function
returns the negation of the previously propagated value. For each predecessor u;, the rollback
function B is applied to the previous value SF’)‘JSL_ (u;) of u; and the edge (u;, v), and the propagate

function P is applied to the latest value Sgush— (u;) of u; and the edge (u;,v). The two resulting
values are reduced with the current value of v.

DEFINITION 7 (PUSH (NON-IDEMPOTENT REDUCTION) II).
S0 (0) =1
Sy s (0) =1 (v)
Sg:slh—(v) =6&(Sn), k=1 where
let {uo, ... un—1} := CPreds*(v) in
SO = S:)Cushf(o)
Siv1 = R(R(S;,
B Sk (), (o 0)).
PS8 () (s 0)))

The correctness of this variant of iteration is dependent on the following condition for the
propagation and rollback functions.

C11 (Rollback):
v, n'. R(n, R(P(n',e),
B(n',e)) =n

As we saw in Def. 7, in this variant of push model with non-idempotent reduction Sé‘ush_ (v),
each predecessor first rollbacks its previously propagated value before propagating its new value.
The rollback value is expected to cancel the previously propagated value. This requirement is
captured as the condition C;; above. As an example, the number of shortest paths use-case NSP,
after fusion, calculates a pair for each vertex where the first element is the shortest path weight
and the second element is the number of such paths. For NSP, the propagate function is P =
A{w, n), e. ({w + weight(e), n) and the rollback function is 8 = A{w, n), e. (w, —n).

For synthesis in this model, after the propagation function % is synthesized, the condition Cy; is
used to synthesize the rollback function 8.

The following theorem states that if the conditions C; - Cg and the condition Cy; hold, this model
complies with the specification Speck (v).

THEOREM 12 (CORRECTNESS OF PUSH (NON-IDEMPOTENT REDUCTION) II). Forall R, ¥,C, I, P,

and k > 1, if the conditions C; - Cg and Cy1 hold, Sé‘usm (v) = Speck(v).

The full proof is available in § 4.4.4. First, we show that after each iteration k + 1, the value of each
vertex o is the reduction of its initial value and the value of predecessors in the previous iteration
k. Even though only the changed predecessors push values, similar to the proof of Theorem 10,
the value of no predecessor is missed. If a predecessor is never changed, it has the value L that
is ignored in the reduction anyway. If it is changed in the previous iterations, in the last such
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iteration, its value has been pushed and reduced with the current value of v. Since reduction is not
idempotent, each predecessor first rollbacks its old value before applying its new value. Second,
using the first fact, we show by induction that the value of each vertex v is the reduction of the
paths to v of length less than k + 1. Similar to the previous proofs, it can be shown that the initial
value of v is the result of reduction on paths to v of length 0. Further, using the induction hypothesis,
it can be shown that the propagation of values from the predecessors in iteration k + 1 results in the
reduction over paths to v of length [, 0 < I < k + 1. Reducing the two values results in the reduction
over paths to v of length [, 0 < [ < k + 1 that the specification Spec*'(v) requires.

NUMBER OF SHORTEST PATHS (NSP)

I = Jou. if (v=5s)(0,1)else L
P = An,e. n+weight(e)
R = XNw,n),(w,n).

if (w=w’)(w,n+n’)
elseif (w > w’) (w’,n’)
else (w, n)
E = An.n
: A{w, n), e. {w,—n)

%
i

Fig. 16. The number of shortest paths
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3.1.3  Asynchronous Model
The predecessors of the vertex v that changed value in the iteration k:
CPredsk (v) = {u | u € preds(v) A Sk(u) # Sk_l(u)}

DEFINITION 8 (PULL (IDEMPOTENT REDUCTION)).

apuH+(U) =1
apuH+(D)'='[(U)
e ©) if CPredsk (0) = 0

Sk+l ( ) = 3
apull+ & R( apu|]+(0) 'Ruepreds(z;)P( apu|[+(u)?S§;}“+(u), (uv)))] else

DEFINITION 9 (PULL (NON-IDEMPOTENT REDUCTION)).

S0 —
apul[ (0):
apu” (v) —I(v) .
S () S, uI[_(v) if CPreds“(v) =0 e
apull- & fﬂuepreds<u) P(SE i@ 2 Sk, (), o)) else
DEFINITION 10 (PUSH (IDEMPOTENT REDUCTION)).
0 o
Sapush+(v) =4
apush+(v) I(U)
Sf;l}sm(o) =8&(Sn), k=1 where

let {ug, .., un—1} = CPredsk (v) in
let m; = |CPredsk(ul)| in
So(v) = apush+(0)

Siv1(2) = R (8i(0), P(?e(rmy) S i), wi0)))
DEFINITION 11 (PUSH (NON-IDEMPOTENT REDUCTION)).
apush () =1
Spush-(0) = I (v)
Sf;l}sh_(v) =8(Sp(v)), k=1 where
let {uo,.., un 1} == CPreds* () in
So(0) = S (©)
Si+1(0) = R(R(Si(v),
B (65 (), i)

P (b (), (wi,0)))
b (0) = 2ie(o.m) Si(0)

Fig. 17. Four Iterative Reduction Methods (in the asynchronous mode). The operator ? is the non-deterministic
choice operator.

The iteration models that were presented in Fig. 8 are synchronous. In the synchronous model, in
each iteration k + 1, each vertex v stores both its previous value S¥(v) and its new value S¥*!(v).
The previous value S*(v) of v is propagated to update other vertices and updates to the value of v
are stored in its new value S¥*!(v). Therefore, the updates in the current iteration do not affect
the values that are propagated. In the asynchronous model, however, each vertex stores one value.
The single value is used to both propagate the current value of the vertex and store its new value.
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Asynchronous model can save space and converge faster but is more subtle. The values that are
propagated in iteration k + 1 can be either the previous value S¥(v), the old value S**!(v) or an
intermediate value between the two. The high-level idea is that the new value has more information
than the old value i.e. covers more paths. Thus, vertices reach convergence faster.

The asynchronous pull model for idempotent and non-idempotent reduction functions are
presented in Def. 8 and Def. 9. They are very similar to the corresponding synchronous pull models
that were presented in Def. 1 and Def. 2. Now, the propagated value is either the previous value
Sfpu” . (w) or the new value Sf;ul” . (u) of the predecessor u. The operator ? is the non-deterministic
choice operator that non-deterministically returns one if its operands.

The asynchronous push model for idempotent reduction functions is presented in Def. 10. It
is similar to the corresponding synchronous definition presented in Def. 3. The difference is that
instead of the previous value S;I)(ush . (w;) of each predecessor u;, one of its intermediate values S;(u;)
is propagated. Assuming that the predecessor u; has m; changed predecessors itself, u; has the
intermediate values S;(u) where j € {1..m;}, one after each push from its predecessors. The value
propagated to v can non-deterministically be any of the intermediate values.

The asynchronous push model for non-idempotent reduction functions is presented in Def. 11.
It not similar to the corresponding synchronous definition presented in Def. 4. The difference is
that the values propagated by a vertex can be any of its intermediate values and not necessarily
its value at the end of the last iteration. Thus, we need to store the previously propagated values
to roll them back before propagating new values. Consider a vertex v and its predecessor u;. The
value that u; propagates to v in iteration k is stored as b* (u;). In iteration k + 1, to push from the
predecessor u; to the vertex v, the value b~ (1;) is rolled back by the rollback function B and the
new value b* (u;) is propagated by the propagation function #.

We define P* (v) as all the paths to the vertex v (that satisfy the condition C).

DEeFINITION 12 (PATHS). P®(0) = {p|p € Paths(v) A C(p)}

The definition of specification Spec(v) is the same as definition Def. 5; only the paths are factored
to P (v).

DEFINITION 13 (SPECIFICATION). Spec(v) = Rpep=(0) T (p)
We define P¥(v) as the paths to the vertex v of length less than k (that satisfy the condition C).
DEFINITION 14 (k-PaTHS). P*(v) = {p|p € Paths(v) A C(p) A length(p) < k}

The definition of specification for iteration k, Speck (v), is the same as definition Def. 6; only the
paths are factored to P*(v).

DEFINITION 15 (k-SPECIFICATION). Speck(v) = Rp e pr(o) T ()

Since in the asynchronous model, in an iteration k, the value of vertices may cover paths of
length k or longer, we define aP* (v) as the set of paths that include paths of length less than k and
maybe more.

DEFINITION 16 (A-k-PaTHS). aP*(v) = {P|P(k) C P C P®(v)}

Since in the asynchronous model, vertices may propagate any one of the multiple intermediate
values, we define asynchronous specification for iteration k, aSpeck (v), as set of values: the
reductions of any set of paths P in aP*(v).

DEFINITION 17 (A-k-SPECIFICATION). aSpeck(v) = {Rpep F(p)|P € aP*(v)}
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All the asynchronous models presented in Fig. 17 comply with the asynchronous specification.
In each iteration, the value stored at vertex o is in the set of values aSpeck(v).

THEOREM 13 (CORRECTNESS OF PULL (IDEMPOTENT REDUCTION)). Forall R, F,C, I, P, andk > 1,
if the conditions Cy - C4 and Cg - Cy hold, then S* . (v) € aSpeck(v)

apull+

The proof is similar to the proof of Theorem 8. The set of paths covered by Sf;ul” . () is a superset

of path covered by S*

apull . (#). The reduction over the set of paths in the difference is factored out
in the proof.

THEOREM 14 (CORRECTNESS OF PULL (NON-IDEMPOTENT REDUCTION)). Forall R, F, I, P,k > 1,
ands, let C(p) = (head(p) =s), if the conditions C; - C4 and C¢ - Cg hold, and s is not on any cycle,
Sfpu”_ (v) € aSpeck (v)

The proof is similar to the proof of Theorem 9. The set of paths covered by S;‘;J” . () is a superset

of path covered by S*

apul . (u). The reduction over the set of paths in the difference is factored out

in the proof.

THEOREM 15 (CORRECTNESS OF PUSH (IDEMPOTENT REDUCTION)). ForallR, ¥,C, I, P, andk > 1,
if the conditions Cy - C4 and Cg - Cy hold, S¥ (v) € aSpeck(v)

apush+

The proof is similar to the proof of Theorem 10. The set of paths covered by S;(u;) is a superset

k

push . (). The reduction over the set of paths in the difference is factored out

of path covered by S
in the proof.

THEOREM 16 (CORRECTNESS OF PUSH (NON-IDEMPOTENT REDUCTION)). Forall R, ¥, C, I, P, and
k > 1, if the conditions C; - Cg hold, S* h(0) € aSpeck(v)

apus

The proof is similar to the proof of Theorem 25. The set of paths covered by bi(u;) is a superset
of path covered by Srlfu”_ (u;). The reduction over the set of paths in the difference is factored out
in the proof.

THEOREM 17 (TERMINATION). Forall R, ¥, and C, if the graph is acyclic or the condition Cqo holds,
then there exists k” such that for every k > k’, aSpec*(v) = {Spec(v)}.

The proof is similar to the proof of Theorem 27. Let I be the longest simple path to v. If the
graph is acyclic, there is no path longer than I. Thus, for any k > [ +1, P¥(v) = {P*(v)}. Therefore,
aSpeck (v) = {Spec(v)}. Even if the graph is cyclic, for any path p longer than [, the condition
Cyy states that reducing the value of p with the value of simple(p) leaves the value of simple(p)
unchanged. Thus, R, ¢ pr(y) 7 (p) = R, c p+1 () F (p)- Thus, aSpeck (v) = {R, e pre1 () F (p)}. Simi-
larly, it can be shown that Spec(v) = {R), c pi+1() ¥ (p)}. Therefore, aSpeck(v) = {Spec(v)}.

An immediate corollary of the above theorem is that if the graph is acyclic or the condition Cyq
holds, then all the four asynchronous iteration models eventually terminate and converge to the
specification (if their corresponding conditions in Theorem 13 to Theorem 16 hold). For example
the corollary for the asynchronous pull model for idempotent reduction functions is the following.
The corollary for the other models is similar.

CoROLLARY 18 (TERMINATION). Forall R, ¥, C, I, and P, if the conditions C; - C4 and C¢ - Cy
hold and the graph is acyclic or the condition Cy holds, then there exists an iteration k such that
Sk s (0) = Spec(v)
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3.1.4 Streaming Graphs

In contrast to a static graph, a streaming graph can continuously change in response to external
events. Thus, to have up-to-date results, the graph analytics computations should be periodically
repeated. Stream graph processing strives to benefit from the results computed prior to the updates
instead of restarting the iteration form the initial values. The idea is that starting from the prior result
can accelerate the convergence. What are the conditions such that the incremental computation
yields the correct results? We first consider addition and then removal of edges and present the
correctness conditions for incremental commutation after each.

Incremental Computation. Consider a graph G. Let us denote the result of a path-based
reduction Spec(v) on G as Speci(v). Let G + 0 be the result of updating (adding or removing) an
edge e = (s, t) in G. The incremental computation on G + J starts from the prior result Spec (v)
for G. The incremental pull model is similar to the basic model (of Def. 1). The difference is that
(1) the starting state is Specg(v) instead of 7 (v) except for the sink node t, and if the update
is a removal, and (2) that the vertex t, is updated in the starting iteration. Thus, the state of the
incremental computation at iteration k denoted as Sé ,5(0) is defined as follows:

DEFINITION 18 (INCREMENTAL PULL MODEL (WITH IDEMPOTENT REDUCTION)).

T (v) if (8 is removal) A (v =tg)
S(l3+5(v) - {SpecG (v) else
s = R |SE,50): Rucpreas(e) P(SE, 5. @) if (k=1A0=10) v (CPreds* () # 0)
G+o ' Sé+5(v) else

Addition of Edges. If the update § in G + § is adding an edge, does the result of incremental
computation Sé ,s(0) converge to its specification Spec(v)? It turns out that it does with the same
conditions as the static case. Adding an edge only increases the set of paths. The prior value of
a vertex is the result of reduction on the old set of paths to that vertex. That set may now be
incomplete. However, the prior values can help the incremental computation skip most of the
initial iterations. For example, in the shortest path SSSP use-case, the newly added edge may
improve the previously found shortest path only for some of the vertices. Subsequent iterations
will eventually reduce the values of all the new paths with the prior values of the vertices. As the
reduction function is assumed to be commutative, associative and idempotent, the reduction order
and repeated reductions of a path do not affect the result. Thus, we can state the following theorem
for the correctness of incremental reduction after adding edges.

THEOREM 19 (CORRECTNESS AFTER ADDING EDGES). For all R, ¥, I and P, if the conditions C; -
Cyo hold and the update & is addition of an edge, then there exists k such that Sé+5(0) = Spec(v).

Removal of Edges. In contrast to adding, if the update is removing an edge, the incremental
computation is not necessarily correct. When an edge (s,, t.) is removed, the value of t, becomes
incorrect if it has been calculated using the value of s.. Thus, the incremental computation (Def. 18)
recalculates the value of t, based on the values of its remaining predecessors. The intention is that
this update calculates the correct value of t.. However, as Fig. 18a shows, if there is a loop from ¢,
back to one of its predecessors u, and the value of u has been calculated based on the old value of
t., the recalculated value of ¢, is still incorrect. The new value of ¢, can lead to calculation of new
values back to u and then again for t.. The question is whether the iterative calculation around the
loop eventually forgets the incorrect value. It turns out that it does, if extending a path with an
edge makes the value of the path less favorable during reduction. For example, in the SSSP use-case,
the value of a path is its weight and the weight of an extended path increases; thus, the extended
path is less favorable for the min reduction function. The cycle can take only larger values back to

1
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(a) Removing an edge and the subsequent (b) Removing an edge in the CC use-case

update through a cycle

Fig. 18. Removing edges

te through the predecessor u, and eventually, the values coming from the other predecessors will
be smaller and thus, chosen by the min reduction function. Thus, the incremental computation for
the shortest path use-case SSSP will eventually converge to the correct values.

However, in the CC use-case, the value of

Streaming:
a path is the identifier of its source; thus, the Ci2 (Worsening):
value of an extended path stays the same. Con- Vp,e. R(F(p), F(p-e)=F(p) # F(p-e)
sider the graph in Fig. 18b where two cycles
are connected by the edge e = (s, t.) where Fig. 19. Correctness and Termination Conditions

the cycle on the s, side has the vertex with the

smallest identifier 0. The iteration for G results in 0 as the component identifier of all vertices. Upon
the removal of e, the neighbors u of t. in the loop continue feeding 0 back to t, which prevents
spreading the larger identifier 4 in the cycle. Vertices adopt smaller identifier from their neighbors.
The iteration incorrectly converges to 0 as the component identifier of the cycle. We have captured
the above sufficient condition in Fig. 19 as the worsening property C;,. Extending a path p with an
edge e should result in an unequal and worse value. Thus, we can state the following theorem for
the correctness of incremental reduction after removing edges.

THEOREM 20 (CORRECTNESS AFTER REMOVING EDGES). For all R, ¥, I and P, if the conditions C,
- Cy9 and Cy3 hold and the update § is removal of an edge, then there exists k such that Sé+5(u) =
Spec(v).

However, if the condition C;, does not hold, then all the prior values cannot be simply used and
the value of all vertices that are reachable form the vertex t, should be reset to their initial values.
In the example of the CC use-case above, the values of the vertices in the cycle are all reset to their
own identifiers. The iteration then correctly converges to the smallest identifier in the cycle. As an
optimization, the dependencies between the value of vertices can be tracked at runtime and the
values of only the vertices that are dependent on ¢, should be reset.
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3.1.5 Factored Path-based Reductions
Consider the factored path-based reduction R ¥ with a general configuration c. We show that the

c
correctness conditions for its iterative execution are captured by the conditions that were presented
in Fig. 13.
Let us define C° as follows:

C’(p) = head(p) =s (1)
Ct(p) = True
Let us define ¢ as follows:
(Fr, Fa)lre) (p) = (F(p), Fy2(p)) @)
Fe(p) = if (C(p)) F(p)else L

The specification of the factored path-based reduction R F is the following:
c

Rp cpaths(o) ()

that can be captured by the specification Spec(v) defined in Def. 5 with C(p) instantiated with
True and ¥ instantiated with 7.
Thus, the correctness conditions for the factored path-based reduction R F can be captured by

c
the conditions that were presented in Fig. 13 with C(p) instantiated with True and ¥ instantiated
with 7°. In particular, the initialization condition C, is trivial and C; is simplified to

I (0) = F°((v,0)) (3)
For example, by Eq. 3 and Eq. 2, for a path-based reduction R (77, #2), the initialization conditions

(en.e2
are the following

Yo. C1({v,0v)) — fst(Z (v)) = F1({v,v))
Yo. =C({v,0v)) — fst(Z(v)) = L @
Yo. C2({v,0)) — snd(Z (v)) = F2({v,v))
Yo. =C({(v,0)) — snd(Z (v)) = L
This means that the initialization for each element of the state tuple mirrors the initialization
conditions C; and C,.
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3.2 Synthesis of Iterative Reduction

To find candidate expressions for the body of the kernel functions, we apply a type-guided enumer-
ative search to the expression grammar presented in Fig. 20b. The expression constructors have
union types; for example, the plus operator + can be applied to both integers Int and floating point
Float numbers. The procedure Candidates in Fig. 20a returns the set of expressions of the input type
T and size size. It is a recursive procedure that uses memoization to avoid redundant enumeration.
It keeps a map from types to maps from sizes to the set of previously synthesized expressions. To
synthesize an expression of type T, it only considers the expression constructors with the return
type T. A constructor itself uses one unit of size. For each constructor c, the Candidates procedure
considers all the possible distributions of the remained size, that is size — 1, between the parameters
of c. For each distribution, it recursively obtains a set of expressions E; for each parameter p; using
its type and its allocated size. It then applies ¢ to each element of the product of the sets E; to yield
candidate expressions. It memoizes and returns the set of these candidates.

The functions Fig. 20c and Fig. 20d synthesize the functions 7 and $. We consider synthesis for
P; synthesis for I is similar. Fig. 20d presents the Synth® procedure that given the path function
¥ and the reduction function R of a path-based reduction, synthesizes the propagation function #.
It starts by memoizing expressions of size one, variables and literals, to make them available for
the synthesis of the body of P. Let T be the return type of 7 vertices store values of type T. The
propagation function P takes a value stored at a vertex (of type of T) and an edge (of type Edge)
and returns a vertex value (of type T). Thus, the two input variables of the two input types, the
variable n of type T and the variable [ of type Edge, are memoized as available expressions. Then,
candidate expressions of type T are obtained from the Candidates procedure. Expressions of larger
sizes are incrementally checked as candidate bodies for .

A candidate propagation function An, I. e is correct if the conditions C4 and Cs are valid when #
is replaced by the candidate. We use the notation of A + A’ to represent whether the assertion
A’ is valid in the context of the assumed assertion(s) A. To check the validity of an assertion, we
use off-the-shelf SMT solvers to check the satisfiability of its negation. The context of the validity
check 7;R; T is the definition of the functions ¥ and R from the given path-based reduction, and
a set of assertions I' that define basic graph functions and relations.

Fig. 21 represents the context assertions I': assertions for the path functions length, weight,
punultimate and capacity. We define graph functions and relations in the combination of the
quantified uninterpreted functions and list theories. We represent a path P as a list of vertices V.
The edge weight eweight is a function on pairs of vertices (V, V) and the path weight weight is a
function on paths P to natural numbers N. If the list for the path is empty or has a single vertex,
the weight of the path is trivially zero; otherwise, the weight of the path is recursively the sum of
the weight of the path without the last edge and the edge weight of the last edge.

For the push model with non-idempotent reduction (Def. 7), after the propagation function P is
synthesized, the condition Cy; is used to synthesize the rollback function 8.

We note that since the path functions F never return none L, the reduction function R’ is
simplified to R in the condition C,.
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def Candidates(T, size)
if (already memoized E
for T and size)
return E
E<0
foreach (expression constructor ¢
with the return type T)
foreach (distribution sj of size — 1
between parameters p; of c)
foreach (p; with type T;)
E; « Candidates(T;, s;)
E—EU{c(e) | ee xE;}
memoize E for T and size
return E

(a) Type-guided expression
enumeration

def SynthZ (¥)

I  memoize the variable v for type Vertex and size 1
I,  foreach (literal I; with type T;)

Iz memoize I; for T; and size 1

Iy size «— 1

Is  while (true)

Is E « Candidates(return type of F, size)
I; foreach (e € E)

I3 if 75T F (C; ACp) [T — (Av. e)]

Iy return (Av. e)

Lo size «— size+ 1

(c) Synthesis of the initialization function I

35

e == n|o Exp
| e+e|e—e
| e=e|e<e

|  min(e,e) | max(e,e)

| if (e) theneelse e

| weight(e) | capacity(e)

| indeg(e) | outdeg(e)

| src(e) | dst(e)

|

14
n == 0] 1] . | True | False Literal
v Variable
T == Int | Float | Bool |

Edge | Vertex Type

(b) Grammar

def Synth® (¥, R)
let T be the return type of .
P;  memoize variable n for T and size 1
P> memoize variable [ for type Edge and size 1
P3  foreach (literal I; with type T;)
Py memoize [; for T; and size 1
Ps  size«— 1
Ps  while (true)

P, E « Candidates (T, size)

Pg foreach (e € E)

Py if 75R;TF(C4ACs) [P = (An, 1. e)]
Py return (An, 1. e)

P11 size «— size+ 1

(d) Synthesis of the propagation function

Fig. 20. Synthesis Grammar and functions
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1815
1816
1817
1818
1819
1820
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1824
1825
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1829
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1832
1833
1834
1835
1836
1837
1838
1839
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1841
1842
1843
1844
1845
1846
1847
1848
1849
1850
1851
1852
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1855
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1857
1858
1859
1860
1861
1862
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P := List[V],
length: P - N
elength: (V,V) - N
V{u,0). if (u=0) elength({u,v)) =0
else
elength((u,v)) =1
Vp.if (p=L1) length(p) =0
else
let v := head(p),p’ := tail(p) in
if (p’ =1) length(p) =0
I else
let o’ := head(p’) in
length(p) =

length(p’) + elength({v’, v})

penultimate: P — V
Vp.if (p = L) penultimate(p) = L
else
let v := head(p), p’ = tail(p) in
if (p/ =1) penultimate(p) = v
else
penultimate(p) = head(p’)

Anon.

weight: (V,V) - N
Vo. eweight({v,0)) =0
Vp.if (p = L) weight(p) =0
else
let v := head(p),p’ := tail(p) in
if (p/ =1) weight(p) =0
else
let v’ := head(p’) in
weight(p) =
weight(p’) + eweight({v’,v))

capacity: P - N
ecapacity: (V,V) » N
Vo. ecapacity ({v,0)) = L
Vp.if (p = L) capacity(p) = L
else
let v := head(p),p’ := tail(p) in
if (p/ =1) capacity(p) = L
else
let o’ := head(p’) in
capacity(p) =
min(capacity(p”), ecapacity({v’,v)))

Fig. 21. Context assertions I'



1863
1864
1865
1866
1867
1868
1869
1870
1871
1872
1873
1874
1875
1876
1877
1878
1879
1880
1881
1882
1883
1884
1885
1886
1887
1888
1889
1890
1891
1892
1893
1894
1895
1896
1897
1898
1899
1900
1901
1902
1903
1904
1905
1906
1907
1908
1909
1910
1911

4 Proofs
4.1 Helper Definitions

DEFINITION 19 (SUBSTITUTION).

Substitution E := N:
N:=n | (N,N)

(E,E')[X := N] = (E[X := N],E'[X = N]
e[(X, X'y = (N,N’)] =e[X = N|[X’ = N']
ede[x :=n]=e[x:=n]de'[x :=n]
x[x=n]=n
x'[x =n]=x'

The definitions of substitution fore := D, E := D, and R := D are similar.
D:=4d | (D,D)

37
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1913
1914
1915
1916
1917
1918
1919
1920
1921
1922
1923
1924
1925
1926
1927
1928
1929
1930
1931
1932
1933
1934
1935
1936
1937
1938
1939
1940
1941
1942
1943
1944
1945
1946
1947
1948
1949
1950
1951
1952
1953
1954
1955
1956
1957
1958
1959
1960
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4.2 Semantics Compositionality

LEMMA 2 (COMPOSITIONALITY FOR 7).
Forallr,r’ andR, if [r] =[r'] then [R[r] ] = [R[']]-

Proof.
Induction on R:
Case
(1) R=1]
Immediate.
Case
2 R=R'&r

Immediate by the rule SRBIN.

LEMMA 3 (COMPOSITIONALITY FOR ).

Forallm, m’, and M, if [m] = [m’] then [M[m] ] = [M[m']].

Proof.
Induction on M:
Case
(1) M=1[]
Immediate.
Case
2) M= 7\5 M’
Immediate by the rule SVRED.
Case
B)M=M@ae&m
Immediate by the rule SMBIN.
Case

4 M=me M’
Immediate by the rule SMBIN.

LEMMA 4 (COMPOSITIONALITY FOR M).

Forall M, M’, and Ms, if [M] = [M’] then [Ms[M] ] = [Ms[M'] ].

Proof.
Induction on Ms:
Case
(1) Ms=[]
Immediate.
Case
(2) Ms = (Ms, M)
Immediate by the rule SMPAIR.
Case
(3) Ms = (M, Ms)
Immediate by the rule SMPAIR.
Case
(4) Ms=ilet X :=Msine
Immediate by the rule SMLET.

Anon.



1961
1962
1963
1964
1965
1966
1967
1968
1969
1970
1971
1972
1973
1974
1975
1976
1977
1978
1979
1980
1981
1982
1983
1984
1985
1986
1987
1988
1989
1990
1991
1992
1993
1994
1995
1996
1997
1998
1999
2000
2001
2002
2003
2004
2005
2006
2007
2008
2009

Case
(5) Ms =
ilet X .= Ms in
mlet X := E in
rlet X =Rine

Immediate by the rule SRLET.

LEMMA 5 (COMPOSITIONALITY FOR R).

ForallR, R, andRs, if [R] = [R’] then [Rs[R] ] = [Rs[R']].

Proof.
Induction on Rs:
Case
(1) Rs=1]
Immediate.
Case
(2) Rs=(Rs,R)
Immediate by the rule SRPAIR.
Case
(3) Rs =(R,Rs)
Immediate by the rule SRPAIR.
Case
4) Rs=
ilet X := Min
mlet X := E in
rlet X :=Rsine
Immediate by the rule SRLET.
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2010
2011
2012
2013
2014
2015
2016
2017
2018
2019
2020
2021
2022
2023
2024
2025
2026
2027
2028
2029
2030
2031
2032
2033
2034
2035
2036
2037
2038
2039
2040
2041
2042
2043
2044
2045
2046
2047
2048
2049
2050
2051
2052
2053
2054
2055
2056
2057
2058
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Anon.

4.3 Soundness of Fusion

THEOREM 21 (SEMANTICS-PRESERVING FUSION FOR 7).
Forallry andr,, ifry =, ry then[r ] = [r2].

Proof.

Case analysis on ry =, ry:
Case rule FMINR:

Immediate from Lemma 6 and Lemma 4.

Case rule FVRED:

Immediate the rules SVRED and SMLET on r; and SRLET on r,.

Case rule FLETSBIN:

By the rules SRLET, SMPAIR, SEEPAIR, SRPAIR, SEBIN.
Similar to Lemma 6, the case for FILETBIN.

Case rule FMINLETS:

Immediate from Lemma 7, Lemma 4 and SRLET.

Case rule FRINLETS:

Immediate from Lemma 8, Lemma 5 and SRLET.

LEMMA 6 (SEMANTICS-PRESERVING FUSION FOR m).
For allmy and my, if m; =, my then[m; ] = [ma].

Proof.

Induction on m; =, my:
Case rule FMINM:

Immediate from the induction hypothesis and Lemma 3.

Case rule FPNEST:

where

(1) s= R F(p)

peargsR F(p’)
p'eP

(2) " =ilet (x,x"y == R” F"(p") inx’
p'EP

@ [ =2 F"(p). F (p))
(5) R”({a,b),{a’,b")) =

if (a’ = a) then (a,R(b,]"))

else if (R'(a,a’) = a) then {a, b) else {a’, b’)
By the rules SPRED and SARGSR on [1],

© [s]=[vR{F@ Ipelplpe AT (p) =R {F' (@) |p € PH}}H vy

)

(3) R’ € {min, max}
)
)

™ {p} = [P](9V)

(8) R’ € {min, max}
By the rules SMLET and SPRED on [2],

9) [s"] = I[v second (R” {F"(p) | p € [P] (9)(V)D]iev(y
From [7] and [9],




2059
2060
2061
2062
2063
2064
2065
2066
2067
2068
2069
2070
2071
2072
2073
2074
2075
2076
2077
2078
2079
2080
2081
2082
2083
2084
2085
2086
2087
2088
2089
2090
2091
2092
2093
2094
2095
2096
2097
2098
2099
2100
2101
2102
2103
2104
2105
2106
2107

a1

(10) [s']=[v > R {F7(0) 1 p € P} eviy
From [6] and [10], we need to show that for all P,
(1) R{F ) I pePAF'(p)=R" {F'(p) |p' €P}} =
second (R” {F"(p) | p € P})
The proof is by by induction on P.
Base Case:
(12) P={p"}
Form [12],
(13) RA{F(p) | pe PAF (p) =R {F'(p) | p’ € P}} =
RAF @) 1pe{p I nF'(p) =R {F'(p) | p € {p"}}} =
RAFP) 1pe{p I nF'(p)=F"(p")} =
F(p*)
Form [12] and [4],
(14) second (R” {F"”(p) |peP}) =
second ((F"(p*), F(p*))) =
F(p")

The conclusion is immediate from [13] and [14],

Inductive Case:
(15) P =P’ U {p}
Induction Hypothesis:
(16) R {F(p) [p € P’ AF'(p) =R {F'(p) | p € P'}} =
second (R” {F"(p) |p€P'})
We show that
R {F(p) | p € P'U{p"} AF'(p) =R {F'(p) | p € P U{p"}}} =
second (R” {F"(p) | p € P' U {p*}})
That is
R {F(p) | p € P'U{p"} AT (p) =R (R' {F'(p) | p € P'}, F"(p"))} =
second (R” (R” {F"(p) |p € P'}, F"(p")))
From [5], By induction on S, it can be proved that
(17) VS. first(R” S) =R’ {a | {a,a’) € S}
We consider two cases:
Case
(18) F'(p") =R" {F'(p) | p" € P’}
From [18],
(19) RAF@) I pe P U{p}AF'(p) =R (R" {F'(p) [ p" €P'},F'(p*)} =
RAF ) [p e PPU{p} AF'(p) =F'(p") ={F'(p) | p" € P'}} =
RRAF () p e PPU{p"} ANF'(p) ={F"(p) | p" € P'}},F(p*))
From [18] and [17],
(20) first(R” {F"(p) [ p € P'}) =F'(p")
We have
(21) second (R” (R” {F"(p) |p € P'},F"(p"))) =
By [4],
second (R” (R” {F"(p) | p € '}, (F"(p°), F (p*)))) =
By [5] and [20],
second ((F7(p*), R (second (R” {F"(p) | p € P'}),F(p*)))) =
R (second (R” {F"(p) | p € P'}), F(p))



42 Anon.

2108 Thus

2109 (22) second (R” (R” {F"(p) |p € P'},F"(p"))) =

2110 R (second (R” {F"(p) | p € P'}), F(p*))

2111 From [19] and [22], we have the conclusion:

2112 RAF @) [pePPU{p} AF'(p) =R (R" {F'(p) | p’ € P'},F'(p*))} =
2113 second (R” (R” {F"(p) | p € P’} F"(p")))

2114 Case

2115 23) F'(p*) 2R {F'(p) | p' € P’}

2116 We assume R’ = max. The other case R’ = min is similar.

2117 We consider two sub-cases.

2118 Sub-case

2119 24) R"(R" {F'(p) | p" € P’} F"(p*) =F"(p")

2120 From [23] and [24],

2121 (25) Vp' e P'.F'(p") < F'(p")

2122 We have

2123 26) R{F(p) | pe P U{p } AF'(p) =R (R" {F'(p) | p" € P}, F'(p*))} =
2124 By [24]

2125 RAF@P) I pe P U{p } AF'(p)=F"(p")} =

2126 By [25]

2127 F(p*)

2128 Thus

2129 Q) RAF@) Ipe P U{p} AF'(p) =R (R" {F'(p) | p" € P'},F'(p*))} =
2130 F(p*)

2131 From [18] and [23],

2132 (28) first(R” {F"(p) [p € P'}) # F'(p*)

2133 We have

2134 (29) second (R” (R” {F"(p) |p € P'},F"(p"))) =

2135 By [4],

2136 second (R” (R” {F"(p) | p € P’} (F'(p*), F (p)))) =
2137 By [5], [28] and [24],

2138 second ((F'(p"), F (p*))) =

2139 F(p*)

2140 Thus

2141 (30) second (R” (R” {F"(p) |p € P'},F"(p"))) =

2142 F(p*)

2143 From [27] and [30], we have the conclusion:

2144 RAF (@) [pePPU{p} AF'(p) =R (R" {F'(p) | p’ € P'},F'(p"))} =
2145 second (R” (R” {F"(p) | p € P'}.F"(p")))

2146 Sub-case

2147 B R (R A{F'(p) | p' € P’} F'(p") =R {F'(p) | p" € P’}
2148 This sub-case is similar to the previous sub-case.

2149 F'(p*) and R” {F'(p) | p’ € P’} replace each other.

2150

2151 Case rule FPRED:

2152 Immediate from the rules SMLET and SMM.

2153

2154 Case rule FILETBIN:

2155 (32) s={(ilet X; ;=M ine;) & (ilet Xy := M, in ey)

2156
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2157 (33) s’ =ilet (X1,X3) == (M, My) ine; @ e,

2158 (34) free(e)) N Xy =0

2159 (35) free(e) NX; =0

2160 By rules SMBIN and SMLET on [32], we have

i:: G6) [s]=1Ive [e[Xi=[M](@MI]®[e [Xz = [M] (9) (V][] ev(y
Jies By rules SMLET on [33], we have

a6

2164 G7) [s']=1vr [(e1®ex) [(X1. Xa) = [{Mi, M) | () (V)] [ vevy)

2165 By [37] and the rule SMPAIR, we have

2166 38) [s']=1[vr [(e1®e2) [(X1. X2) = ([M: ] (9) (V). [M2 ] (@) (WD) ] []seviy)
2167 From [38], and the rule SEBIN, we have

2168 (39) [s']=[ve [e (X, Xz) = ([Mi ] (9) (), [Mz] (9 (V)] ] &

[ex [0 Xz) = ([M:] (@) (), [Me] @D Teviy

2170 From [39], [34] and [35], we have

o @0) [s']= v [e % = [MT@WIT @[z 0% = [M] @] vy
a1 From [36] and [40], we have

2173 S]] — [[ ]]

2174

2 Case rule FMINILET:

2176 Immediate from Lemma 7, Lemma 4 and SMLET.

2177

2178

2179 LEMMA 7 (SEMANTICS-PRESERVING FUSION FOR M).

2180 For all M andMg, lfM1 >m M, then [[Mlﬂ = [[Mg ]]

2181 Proof.

2182 Tnduction on M; = My:

218 Case rule FMPAIR:

2184 1) M =RF, R F")

W GmIeh

2187 3) 7= p. {F'(p), F(p))

(@) R”((a,b), (@.b) = (R(a,), R'(b,b))

)15 By SMPAIR, SMM and SPRED on [1], we have

2190 ) [M] = < vio R A{F(p) | p € [Paths] (V)}]ng(g) [vie> R {F"(p) | p € [Paths] (v)}] vev(g)
2191 By SMM and SPRED on [2] and [3] and [4], we have

21 ©) [M]=1[v—>R” (F(p).F'(p)) | p € [Paths ] (V)},ev(y

2193 By [6] and [4], we have

o ) [M] = (v R (F(p) | p € [Paths ] (W yev(g Iv = R {F/(p) | p € [Paths] (I H,ev)
2196 From [5] and [7], we have

2197 ®) [M]=[M]

2198

2199 LEMMA 8 (SEMANTICS-PRESERVING FUSION FOR R).

% Forall Ry, Ry, X and d whered € Dy, if Ry =g Ry then [[R1 [X = E]]] - [[Rz (X = d] ]]
2202 Proof.

2203 Induction on Ry =g Ry:

2204 Case rule FRPAIR:

2205



2206
2207
2208
2209
2210
2211
2212
2213
2214
2215
2216
2217
2218
2219
2220
2221
2222
2223
2224
2225
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2229
2230
2231
2232
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2235
2236
2237
2238
2239
2240
2241
2242
2243
2244
2245
2246
2247
2248
2249
2250
2251
2252
2253
2254
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Anon.

(1) Ry = (R x1,Rz x2)
(2) Rz =R3 (x1,x2)
(3) R3({a b),(a’,b")) = (Ri(a,a’), Ry (b, b))
Ifxjorx; ¢ X,x1[X =d]=Lorx[X=d =1
as the rule SRR is the only semantic rule for R,

(4) [[Rl[x - d]]] - [[Rz[x - d]ﬂ _
Thus, the remained case is that _

(5) x1 = [v nylevg €X :=i

(6) X9 == [V [ ad n",]vev(g) eX=d
From [1], [5] and [6], we have

(7) Ry = <R1 v ey Re [vie nC]vev(g)>
From [2], [5] and [6], we have

(8) Rz =Rs <[V = nvlyevg, [V n\,/]VGV(g)>
By SRPAIR, SRR and SVRED on [7], we have

© [’ ] = (R {0 vevio b Ro (7] vevio })
By SRPAIR, SRR and SVRED on [8], we have

(10) [Re] =Rs {tm v |
From [10] and [3], we have .

(11) [R2] = (Ri {nvhvev(g) Re {ni}veviy))
From [9] and [11], we have

[[Rl[x - d]]] - [[RZ[X - d]]].




2255 4.4 Iteration Correctness Conditions

26 4 4.1 Pull, Idempotent
2257
2258 THEOREM 22 (CORRECTNESS OF PULL (IDEMPOTENT REDUCTION)).

2259 ForallR, ¥,C, I, P, andk > 1, if the conditions C; - Cy hold,
2260 Sk MOE Speck(v)
pull+

2261
so60 We assume that
263 (1) Vn.R(n,L)=n

(2) Yn,n’. R(n,n") = R(n’,n)
(3) Yn,n’,n"”". R(R(n,n’),n”) = R(n,R(n’,n""))
2266 (4) Yn.R(n,n) =n
2267 (5) Yo € V. C({v,0)) = I (v) = F ({v,0))
(
(
(

2264
2265

2268 6) YoeV.=-C((v,v)) > I (v) =1L
2269 7) Ye. P(L,e) =1L

2270 8) Vp1, ppePRveV.

2271 tail(py) = tail(p,) —

2272 let u = tail(py) in

2 P [R(F (p1), F (p2)), (w,0)] =
2 RIF (p1- (u,0)), F(p2- (u,0))]

2275 (9) ¥p.e. P(F(p). e)=F(p-e)
2276 Form Def. 6, we have

2277 Speck(v) = Ry e (p | pepaths(v) A C(p) A length(p)<k} F (D)
2278

2279 Proof by induction on k:
2280 Base Case:

2281 k=1
2282 We should show that
2283

S;ull+(v) = Rp € {p | pePaths(v) A C(p) A length(p)<1}?(P)
2284 that is

o S (@) =Rp e (p | p=(ooyr cp)F (P)
2280 We consider two cases:
2287

Case:
2288

(10) C({v,0))

2289 We should show that
2290
9901 S;u]|+(v) = Riwon} ¥ (P)
1209 that is
2203 S;u]H(U) = F (v, 0))
9904 that is straightforward from Def. 1, [5] and [10].
2905 Case:
9906 (11) ~C({v,v))
9907 We should show that
2298 S;ull+(v) = 75 F(p)
2299 that is
2300 S;UIH(U) =1
2301 that is straightforward from Def. 1, [6] and [11].
2302

2303
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2324
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2328
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Inductive Case:
(12) k>1
The induction hypothesis is:
(13) S§;||+(U) = Rp e {p | pePaths(v) A C(p) A [ength(p)<k’}7:(P) forallvand k" < k
We should show that
Smh(v) =Rpe(p | pepaths(v) A C(p) A length(p)<k+1}F (P)
From Def. 1, we consider two cases:
Case:
(14) CPreds*(v) # 0

(15) S:::]L(U) =R [S§u]|+(v)’ Ruepreds(v) P(S’I:UIH_(M), (u, U))]
From [15] and [13]
(16) Sk (v) = R]

pull+
S,I:uu+(”)’
Ruepreds(v) [P (Rp e {p | pePaths(u) A C(p) A Iength(p)<k}7—-(p)> <u>0>)]]
In the case that the size of the set of paths is more than one, from [8], and
in the case that the set of paths is singleton, from R, = v and [9], and
in the case that the set of paths is empty, from Ry = L and [7],
we have
(17) P (Rp e (p | pepaths(u) A C(p) A length(p)<k} F (P), (u,0)) =
Rp e {p | pePaths(u) A C(p) A [ength(p)<k}7—~(p ' (u, Z)>)
After substituting [17] in [16]
(18) Syit.(0) = R[

pull+

k
Spu[|+(v)’
Ruépreds(v) [Rp € {p | pePaths(u) A C(p) A Iength(p)<k}7_~(P (u, U))]]
that is
(19) Syl (@) =R[
k
Spu[l+(v)’

Rp € {p | Ju. pePaths(u) A uepreds(v) A C(p) A Iength(p)<k}7:(p : <U, U))]
From [19] and Lemma 9
(20) Skt (0) = R[

pull+

k
Spu[|+(0)’
Rp e {p | Fu. pePaths(u) A uepreds(v) A C(p-(u,0)) A length(p)<k} T (P + (u, 0))]
that is
(21) SF],‘:[L(U) =R[
k
Spu[|+(v)’

7qp/ e{p’ | p’ePaths(v) A C(p’) A O<Iength(p’)<k+1}T(Pl)]
From [21] and [13]
(22) Spl () =R]
Rp e {p | pePaths(v) A C(p) A [ength(p)<k}T(P),
Rp e {p | pePaths(v) A C(p) A 0<length(p)<k+1} T (P)]
From [22] and [4]

3:,‘:51},4,(0) =Rpe{p | pePaths(o) A C(p) A length(p)<k+1}F (P)s

Case:

Anon.
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2359
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2377
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(23) CPreds*(0) = 0
(24) Sk (0) = SF 1, (0)

pull+ pull+
(25) CPreds*(v) = {u | u € preds(v) A S:fu”Jr(u) # S:fjh(u)}
From [13] and [24],
(26) Sﬁ[L(v) =Rp e {p | pePaths(v) A C(p) A length(p)<k} T (P)
From [26] and [1],
27) Skl () =R[

pull+
Rp e (p | 3u. pePaths(u) A uepreds(v) A C(p-(u,0)) A 0<length(p-(w0) <k} T (P);
Rpetp | p=(00) n C(wo)) T (P)]

From [27] and Lemma 9,
(28) Sk (v) = R[

pull+
Rp € {p | Ju. pePaths(u) A uepreds(v) A C(p) A 0<|ength(p~(u,v))<k}7:(p),
Rpetp | p=(wo) r C(woyy F (P)]
From [28], [2] and [3]
(29) Sk+1 (0) — .R[

pull+
Ruepreds(v) Rp/ € {p’ | u. p’ePaths(u) A C(p’) A ]ength(p’)<k—l}T(P' {u,0)),
Rpe(p | p=(00) A (o)) (P)]
In the case that the size of the set of paths is more than one, from [8], and
in the case that the set of paths is singleton, from R, = v and [9], and
in the case that the set of paths is empty, from Ry = L and [7],
(30) P (Rpe(p | pepaths(u) A C(p) A length(p)<k-1}F (P), (w,0)) =
Rp e (p | pePaths(u) A C(p) A length(p)<k-1}F (P - (4, 0))
From [29] and [30], we have
(31) Sk (v) = R[

pull+
Ruepreds(v) P (Rp e {p | pePaths(u) A C(p) A Iength(p)<k—l}7:(p)s (u, U}) >
Rp < (p | p=(wo) n 00} T (P)]
From [31] and [13], we have
(32) SMil, () = R[

pull+

Ruepreds(v) P (SSL:[}_'_(”)» <u>v>) >
Rpetp | p=(wo) r Coom ¥ (P)]
From [23] and [25], we have
(33) For all u € preds(v): S§u||+(“) = S]fu_lll+(”)
From [32] and [33], we have
(34) S¥ (0) = R[

pull+

Ruepreds(v) P (S];u[l+(u)’ <u>v>) >
Rp e (p | p=(00) A Cwor} F (P)]
From [34] and [13], we have
(35) Skii,(0) =R[

pull+
7quepreds(v) P (Rp e {p | pePaths(u) A C(p) A |ength(p)<k}7r(p)> <u’ U)) >
Rp e ip | p=(00) A C((uo)) T (P)]
In the case that the size of the set of paths is more than one, from [8], and
in the case that the set of paths is singleton, from R, = v and [9], and
in the case that the set of paths is empty, from Ry = L and [7],

(36) P (Rpe(p | pepaths(u) A C(p) A length(p)<k} F (P), (u,0)) =
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Ry (p | pepaths(u) A C(p) A length(p)<k} F (P * (u,0))
From [35] and [36], we have
(37) Shil () =R[
Ruepreds() Rp e {p | pePaths(u) A C(p) A length(p) <k} T (P - (4, 0)),
Rpetp | p=(00) » C(wo) T (P)]
that is
(38) S, (0) = Rl
Ruepreds(v) Rp’ e{p’ | p’=p-(uv) A pePaths(u) A C(p) A Iength(p)<k}7'-(P/)»
Rpelp | p=(00) n C(wo) T (P)]
From [25] and Lemma 9,
(39) Syl (@) =R[
Ruepreds(v) Rp/ e{p’ | p’=p-(uv) A pePaths(u) A C(p-(u,v)) A Iength(p)<k}7j(Pl)s
Rp e ip | p=(00) n C((uo)) T (P)]
From [39], [2] and [3], we have
(40) SH1 () = RI
7zp’ e {p’ | Ju. uepreds(v) A p’=p-(u,0) A pePaths(u) A C(p-(u,0)) A |ength(p)<k}7r(p,)’
Rp e ip | p=(00) n C(uo)) T (P)]
that is
(41) SKL (o) = RI
Rpr (' | pePaths(o) A C(p') A 0<length(p)<k+1} T (D),
Rpetp | p=(wo) n C(wo)}F (P)]
that is
S,IJC:]L(U) =Ry e (p' | pePaths(v) A C(p') A length(p')<k+1}F (P”)
LEmMMA 9.
Vp,v. let u == tail(p) in C(p) & C(p - (u,0v))
Proof.

We consider the two cases:

Case:

(1) C(p) = (head(p) =)

Straightforward by
head(p) =s & head(p - (u,0)) =s

(2) C(p) =True

Straightforward by
True < True
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THEOREM 23 (CORRECTNESS OF PULL (NON-IDEMPOTENT REDUCTION)).
ForallR, F,1,P,k>1ands,

let C(p) = (head(p) =), and

there is no cycle that contains s,

if the conditions C; - Cg hold,

SF')‘UIF (v) = Speck(v)

Proof.
We assume that
(1) Vn.R(n,L)=n
(2) Vn,n’. R(n,n’) = R(n’,n)
(3) Vn,n’,n"”. R(R(n,n"),n"”) = R(n,R(n’,n"))
(4) Yo € V. C({v,v)) — I (v) = F ({v,v))
(5) Yo e V. =C({v,v)) > T (v) = L
(6) Ve. P(L,e) =1
(7) Vp1, p2 €P v eV.
tail(p1) = tail(p2) —
let u := tail(py) in
P [R(F(p1), F (p2)), (wv)] =
RIF (p1 - (w,0)), F(p2- (w,0))]
®) Vp,e. P(F(p). e)=F(p-e)
(9) C(p) = (head(p) =)
(10) There is no cycle that contains s.
Form Def. 6, we have
Speck(v) = Ry e (p| pepaths(v) A C(p) A length(p)<k} T (P)

Proof by induction on k:
Base Case:
k=1
We should show that
S;u”_(v) =Rp e {p | pePaths(v) A C(p) A length(p)<1} F (P)
that is
Shi- (@) =Ry e (p | p=twarn o) F (P)
We consider two cases:
Case:
(11) C({v,v))
We should show that
Sput-(©) = R0 F (p)
that is
S;u”_ (v) = F (v, 0))
that is straightforward from Def. 2, [4] and [11].
Case:
(12) =C({v,v))
We should show that
S;u”_(l)) = 75 7:(1))
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that is
pulI (U)
that is stralghtforward from Def. 2, [5] and [12].

Inductive Case:
(13) k>1
The induction hypothesis is:
(14) Sl]:;”_(v) = Rp € {p | pePaths(v) A C(p) A Iength(p)<k’}7:(P) forallvand k" < k
We should show that
Séﬂﬁ (9) = Rpc {p | pePaths(v) A C(p) A length(p)<k+1} F (P)
We consider two cases:
Case:
(15) v=s
By Lemma 11 on [9] and [4], [5], and [10],
(16) Sk:[} (s) =1(s)
By [4 ]and[ 1
(17) I(s) =F((s,s))
From [16] and [17],
(18) S:f:[} (s) =F ((s.5))
From [9] and [10],
(19) Rpep | pePaths(s) A C(p) A length(p)<k+1} T (P) =
Rp € {p | pePaths A tail(p)=s A head(p)=s A Iength(p)<k+1}7:(P) =
Rpetissn¥ (p) =
F({s,s))
From [18] and [19],

Srlf:ﬁ (0) = Rp € {p | pePaths(v) A C(p) A Iength(p)<k+1}7:(p)

Case:

(20) v £ s

From Def. 2, we consider two sub-cases:
Sub-case:

(21) CPreds*(v) # 0

(22) S:;;ﬁ_(v) = uEpreds(U) P(
From [22] and [14]

(23) S,’f:ﬁ (0) = Ruepreds(o) [P (Rp e (p | pepaths(u) A C(p) A length(p)<k} F (P), (u,0))]
In the case that the size of the set of paths is more than one, from [7], and
in the case that the set of paths is singleton, from R,} = v and [8], and
in the case that the set of paths is empty, from Ry = L and [6],
we have

(24) P (Rpe(p | pepaths(u) A C(p) A length(p) <k} F (P), (w,0)) =

Rpc (p | pePaths(u) A C(p) A length(p) <k} F (P * (u,0))

After substituting [24] in [23]

(25) S,’m_(v) = Ruepreds(v) [Rp e {p | pepaths(u) A Cp) A length(p)<k} T (P + (u,0))]
that is

(26) Sk:[} (0) = Rpe {p | Ju. pePaths(u) A uepreds(v) A C(p) A length(p)<k}7:(P {u,0))
From [26] and Lemma 9

(), (w.0))

pul
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(27) S,’f:ﬁ (9) = Rp e {p | Tu. pePaths(u) A ucpreds(v) A C(p-(,0)) A length(p)<k} F (P - (u,0))
that is

(28) S:,(Jr[} (U) = Rp’ e {p’ | p’ePaths(v) A C(p’) A 0<[ength(p/)<k+l}T(P,)
From [28] and [20]

Sg:slh_,_(v) = Rp € {p | pePaths(v) A C(p) A Iength(p)<k+1}7:(p),

Sub-case:

(29) CPreds* (v) =

(30) Skii_(0) =

pul] (U)
(31) CPreds*(v) = {u | u € preds(v) A S (W) # Spu” (u)}
From [30] and [14],

(32) SFI)(:[} (U) = pe {p | pePaths(v) A C(p) A Iength(p)<k}7r(p)
From [32] and [20],
(33) Sk:[} (0) = Rp e (p | Ju. pePaths(u) A ucpreds(v) A C(p-(u,0)) A 0<length(p-(w0)) <k} F (P)
From [33] and Lemma 9,

(34) Sk:[} (U) = Rpe {p | Ju. pePaths(u) A uepreds(v) A C(p) A 0<length(p~(u,v))<k}7:(P)
From [34], [2] and [3]

(35) Sk:[} (9) = Rucpreds(v) Rp’ € {p | Ju. p’cPaths(u) A C(p’) A length(p)<k-1}F (P - {1, 0))
In the case that the size of the set of paths is more than one, from [7], and
in the case that the set of paths is singleton, from R,} = v and [8], and
in the case that the set of paths is empty, from Ry = L and [6],

(36) P (Rpe(p | pepaths(u) A C(p) A length(p)<k-1}F (P), (u,0)) =

Ry (p | pePaths(u) A C(p) A length(p)<k-1}F (P * {u,0))

From [35] and [36], we have
(37) SFI,(:[}_ (v) = Ruepreds(v) P (Rp € {p | pePaths(u) A C(p) A Iength(p)<k—1}7j(p)> (u, U))
From [37] and [14], we have
(38) SFI,(:[}_ (0) = uEpreds(v) P ( pu|| (W), (u, U))
From [29] and [31], we have
(39) For all u € preds(v): Sllj‘uuf(u) Sgu“l (u)
From [38] and [39], we have
(40) SKI(0) = Rucpreas(er P (Shy (), (0.0))

From [40] and [14], we have

(41) Sk:[} (Z)) = Ruepreds(v) P (Rp e {p | pePaths(u) A C(p) A |ength(p)<k}y_-(p)s <us U))
In the case that the size of the set of paths is more than one, from [7], and
in the case that the set of paths is singleton, from Ry,} = v and [8], and
in the case that the set of paths is empty, from Ry = L and [6],

(42) P (Rpc(p | pepaths(u) A C(p) A length(p)<k} F (P), (u,0)) =

Rp e {p | pepaths(u) A C(p) A length(p)<k} T (P * {1, 0))

From [41] and [42], we have

(43) S;]::l}_(v) = Ruepreds(v) Rp e {p | pePaths(u) A C(p) A length(p) <k} F (P - (u,0))
that is

(44) S,ﬁ[}_(v) = Ruepreds(v) Rpr e (p | p=p-(w0) A pePaths(u) A C(p) A length(p)<k} T (P”)
From [31] and Lemma 9,

(45) le}_(v) = Rucpreds(o) Rp € (p | p=p-(w0) A pePaths(u) A C(p-(u,0)) A length(p)<k} T (P")



52 Anon.

2598 From [45], [2] and [3], we have

2599 (46) SSJ-]L (0) = Rp’ € {p’ | Ju. uepreds(v) A p’=p-(u,0) A pePaths(u) A C(p-(u,0)) A |ength(p)<k}(fy-(p,)
2600 that is

2001 (47) Siil () =Ry e (1 | pepaths(o) A C(p) A 0<length(p)<k+1}F (D)

2602 From [47] and [20], we have

ﬁZEZ Sm—(”) =Ry e {p' | pepaths(v) A C(p') A length(p)<k+1}T (D)

2605

2606 Lemma 10.

2607 ForallR, F,C,I,P,k > 1 ands, v, where
2608 (1) C(p) = (head(p) =),

2609 (2)Yo € V. C({v,0)) — I (v) = F ({v,0))
2610 (3)Vv € V. =C({v,v)) > I (v) = L

2611 ingu”_ (0) # S:fm_ (0),

2612 then v is reachable from s.
2613

Proof.
2614

Immediate from induction on k and case analysis on branches of Def. 2.

> The base case is from [1], [2] and [3].
2616

2617

2618 LEMMmA 11.

2619 ForallR, F,C,I,P,k > 1 ands, v, where
2620 (1) C(p) = (head(p) = s),

2621 (2)Vv € V. C({v,0v)) — I (v) = F ({v,0v))
2622 (3)Yo e V. =C({v,0)) > I (v) = L

2623 there is no cycle that contains s,
2624 then S”fu”_ (s) =1 (s).

2625

se2e Proof.

Immediate from induction on k and case analysis on branches of Def. 2.

“*7"" The second branch is refuted by Lemma 10 and the assumption of acyclicity for s.

2628
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2647 4.4.3  Push, ldempotent
2648
2649 THEOREM 24 (CORRECTNESS OF PUSH (IDEMPOTENT REDUCTION)).

2650 ForallR, ¥,C, I,P, andk > 1, if the conditions Cy - Cy hold,
2651 Sgusth(U) = Spec* (o)

2652
__ Proof.
2653
sost We assume that
(1) Vn.R(n,L)=n
2655

(2) Vn,n'. R(n,n’) = R(n’,n)
(3) Vn,n’,n”. R(R(n,n"),n”) = R(n,R(n’,n"’))
2658 (4) Vn.R(n,n) =n
2659 (5) Yu € V. C({v,v)) — I (v) = F ({v,0))
(
(
(

2656
2657

2660 6) Yo e V.-C({(v,v)) > I (v) =1L
2661 7) Ve. P(L,e) =1

2662 8) Vpi, p2 €P veV.

2663 tail(p;) = tail(pz) —

2664 let u = tail(py) in

2605 P [R(F(p1), F (p2), (w0)] =
2606 RIF (p1 - (w,0)), F(p2- (w,0))]

2667 (9) Vp,e. P(F(p), ) =F (p-e)

2668 Form Def. 6, we have

2669 Speck(v) = Ry e (p | pepaths(o) A C(p) A length(p)<k} T (P)
2670

2671 Proof by induction on k:
2672 Base Case:

2673 We should show that

o push+(v) Rp e p | pePaths(o) A C(p) A length(p) <1} (P)
2675 that is

2676

push+(v) Rpep | p=(woyn c(pnF (p)

2677 We consider two cases:
2678
, Case:
w0 (10) C({v,0))
2680 We should show that
2681
push+(0) R{<U’U>}T(p)
zz: that is
8! e (0) = T ((2,0))
Jess that is straightforward from Def. 3, [5] and [10].
pos Case:
(11) ~C({0.0))
soss We should show that
Jeso S ushs (@) = R F(p)
2690 that is
2691 push+(0)
2692 that is stralghtforward from Def. 3, [6] and [11].
2693

2604  Inductive Case:
2695
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The induction hypothesis is:

(12) S:fusm(v) =Rp e {p | pePaths(v) A C(p) A length(p)<k} T (P), k> 1
We should show that

Sg:slm(v) =Rpe{p | pePaths(v) A C(p) A length(p)<k+1}F (P)
From Def. 3, we have that

(13) St (0) =S,

push+
(14) {uy,.,up} =u € {u | u € preds(v) A Sgush+(u) # S::Jsthr(“)}
(15) So = Shq, (@)

(16) Sivt = R (i, P(Shg, (i) (s 0)))

push+

From [13]-[16], and [2] and [3], we have
(17) ngslm(v) =R [Rue{u | uepreds(o) A Sk, (w)#Sk! ()} [P(Splfush+(u)’ <”’“>)]’ S§u5h+(v)]

ush+ push+

From Lemma 12, and [2], [3], and [4], we have

(18) S::ush+(v) =R (S§u5h+(v)’ Ru € {u | uepreds(ov) A S§u5h+(u):S§JsL+(u)}P(S;]:us}w(u)’ <u’ U>))
After substituting [18] in [17]

(19) Sk+1 (0) = R[Ru € {u | uepreds(v) A Sk (u)#Sk’1 (w)} [P(S§u5h+(u), <u> U))],

push+ push+ push+
R<S§ush+(v)’ Ry e {u | uepreds(v) A Sk . (w)=8*71 (u)} [p('ssusm(u)’ (u, U>)])]
From [19], [2] and [3]

push+ push+
(20) SK3,(0) = R [Rucpreas(or |P(SEygp, (0, @ 0))| Sk @)
From [20] and [12]
(21) Sk, (0) = R[

push+
Ruepreds(o) [P (Rp e (p | pepaths(u) A C(p) A length(p)<k} F (D), (w,0)) ],
S§u5h+(0)]
In the case that the size of the set of paths is more than one, from [8], and
in the case that the set of paths is singleton, from R(,, = v and [9], and
in the case that the set of paths is empty, from Ry = L and [7],
we have
(22) P(Rp e (p | pepaths(u) A C(p) A length(p) <k} F (P)s (u,0)) =
Rpc (p | pePaths(u) A C(p) A length(p)<k} F (P * {(u,0))
After substituting [22] in [21]
(23) Sk (v) =R[

push+
Ruepreds(v) [Rp e {p | pePaths(u) A C(p) A length(p)<k} F (P - (w,0))],
S§u5h+(0)]
that is
(24) St (0) = R]

push+
Rpe {p | Ju. pePaths(u) A uepreds(v) A C(p) A [ength(p)<k}7—~(p ' (u, U>),
k
Spush+(0)]
From [24] and Lemma 9
(25) Sl (@) =R]

push+
Rp e {p | Ju. pePaths(u) A uepreds(v) A C(p-(u,0)) A length(p)<k} T (P - (U, 0)),
S:wcush+(0)]
that is
(26) Syl (@) =R]
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Ry e {p | prePaths(v) A C(p') A length(p)<k+1} F (D),
S;I)cush+(v)]
From [26] and [12]
(27) S5, (0) = R
Rp € {p | pePaths(v) A C(p) A Iength(p)<k+1}7:([)),
Rp e {p | pePaths(v) A C(p) A length(p)<k} T ()]
From [27] and [4]

(28) S:,C:Slm(v) = Rp € {p | pePaths(v) A C(p) A Iength(p)<k+l}7:(P),

LEMMA 12.

ForallR, ¥, C, I, P, if the conditions C; - Cyy hold,
Yo, u, k.
k>1 A uepreds(o) A S () =Skt (u) —

Sk e (0) = R(SE | (0),P(SE L (W), (w,0)))

push+ push+

Proof.
We assume that
(1) Vn.R(n,L)=n
(2) Yn,n’. R(n,n") = R(n’,n)
(3) Yn,n',n"”". R(R(n,n’),n”) = R(n,R(n’,n""))
(4) Yn.R(n,n) =n
(5) Yu € V. C({v,0)) = I (v) = F ({v,0))
(6) YoeV.=-C({v,0v)) > IT(v) =1
(7) Ye. P(L,e) =1L
(8) Vp1, p2 €P veV.
C(p1) AC(p2) A
tail(py) = tail(p;) —
let u := tail(p1) in
P [R(F (p1). F (p2)), (u,0)] =
RIF (p1- (u,0)), F(p2- (u,0))]
©) Vp.e. P(F(p). &) =F(p-e)

Proof by induction on k:
Base Case:
(10) k=1
We assume that
(11) u € preds(v)
(12) S;ush+(u) = Sgush+(u)
From Def. 3 on [12]
(13) S;usm(u) =1
We need to show that
(14) 8L, (0) = RS, (0 P(S! (1), (.0)))
From [13] and [7], we need to show that
(15) S;ush+(v) = R(S;usl'w(v)’ J')
that is immediate from [1].

Inductive Case:
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The induction hypothesis is

(16) Yo, u.
u € preds(v) A Spush+(u) S:fusthr(u) -
St (0) = ROSE3, (00 PSS () (w0)
We assume that
17) k>1

(18) u € preds(v)
(19) Spush+(u) = Sguslh+(u)
We show that
push+(v) R(Spush+(v) P(Spush+(u)’ (u,0)))

From Def. 3 on [17], we have that
(20) SE,,..(0) = S,
(21) {uy,..upn} =u € {u | u € preds(v) A Srlfusthr(u) # S;‘usi+(u)}
(22) So =S5, (@)

push+

(23) St =R (Sis P, (), (w0))

push+

From [20]-[23], and [2] and [3], we have

(24) push+(v) [ u € {u | uepreds(v) A Spush+(u)¢3push+(u)} [P(Spush+(u)’ <u, U))] Sr]:usl}.‘Jr(U)]
We consider two cases:
Case:

(25) Spih () # Sy, @)

From [24] [25], and [4] we have
(26) S s (0) = R (SE 4, (0. P(SES (@), (1.0))
From [26] and [19]
push+(v) =R (S:)Cush+(v) P(Spush+(u)’ <u’ 0>))
Case:

(27) Sy () =S5 (W)

push+

From [24] and [4] we have

(28) push+(v) =R (S;])Cush+(v) Spush+(0))

From [27] and [19], we have
(29) S[fuslh+(u) Sku52h+(u)

From [16] on [18] and [29] and then [19] we have
(30) Sk1 (o) = R(SEL (o). P(SE,, (u) (u.0)))

From [28], [30] and [2], we have
push+(v) = R(Spush+(0) P('Spush+(u)’ <u’ l)>))



2843 4.4.4  Push, Non-idempotent

2844
2845 We consider the two variants in turn.
2846 The first variant of push, non-idempotent was defined in Fig. 8, Def. 4.
2847
yoss THEOREM 25 (CORRECTNESS OF PUSH (NON-IDEMPOTENT REDUCTION) I).
yoso ForallR, F,1,P,k>1,ands,
M lerC(p) = (head (p) = 5),
a1 if the conditions Cy - Cg hold, and

s is not on any cycl
yeo is not on any cycle,

Sk o (0) = Speck(v)

2853 pus

2854 Proof.

2855  We assume that

2856 (1) Vn.R(n,L)=n

2857 (2) Yn,n’. R(n,n") = R(n’,n)
(3) Vn,n’,n"”". R(R(n,n’),n”) = R(n,R(n’,n""))
(4) Yo e V. C({v,0)) — I (v) = F ({v,0))

2860 (5) Yo € V. -C({v,0)) > I (v) = L
(
(

2858
2859

2ol 6) Ye. P(L,e) =1

a0z 7) Vp1, p2 €P v eV.

tail (p1) = tail (p2) —

j:z: let u = tail(p,) in

yses P [R(F (1), F (p2)), (w.0)] =
st R[F(p1 - (w0)), F(p2 - (w0))]
Jaes (8) Vp.e. P(F(p). &) =F(p-e)

Js6o (9) C(p) = (head(p) = s)

(10) There is no cycle that contains s.

2870
gy Form Def. 6, we have

2872 Speck(v) = Ry e (p| pepaths(o) A C(p) A length(p)<k} T (P)
2873 ) )

,g74  Proof by induction on k:

g5 Dase Case:

2876 k=1

0877 We should show that

2478 Slush(0) =Ry e (p | pepaths(e) A C(p) A length(p)<1} T (P)
2879 that is

2880 Spush- (@) = Rp e p | p=(worn c(p) T (P)

2881 We consider two cases:

2882 Case:

2883 (11) C({v,0))

2884 We should show that

2885 S;ush— (v) = R{(U,@}T(p)

2886 that is

2887 Spllush— (v) = F ({v,v))

2888 that is straightforward from Def. 4, [4] and [11].
2889 Case:

2890 (12) =C({v,v))
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We should show that
Shuan-(2) =R F(p)
that is
S;ushf(v) =1
that is straightforward from Def. 4, [5] and [12].

Inductive Case:
(13) k>1
The induction hypothesis is:
(14) Sg;sh— (v) = Rp e (p | pePaths(o) A C(p) A Iength(p)<k'}7:(p) forallo and k" < k
We should show that
ngslh,(v) =Rp e (p | pePaths(o) A C(p) A length(p)<k+1} T (P)
We consider two cases:
Case:
(15) v=s
By Lemma 14 on [9] and [4], [5] and [10],
(16) S5 _(5) = 1(s)
By [4] and [9],
(17) I(s) =F ((s,s))
From [16] and [17],
(18) S5L_(9) = F((s.5))
From [9] and [10],
(19) Rpe(p | pePaths(s) A C(p) A length(p)<k+1}F (P) =
Rp c (p | pePaths A tail(p)=s A head(p)=s A Iength(p)<k+1}7:(p) =
Rp e f(ssn ¥ (p) =
F({s,s))
From [18] and [19],

Srl,cl:rslh,(v) = Rp e {p | pePaths(v) A C(p) A Iength(p)<k+1}T(P)

Case:
(20) v £ s
From Def. 4, [1], [2], and [3], we have

(21) S’]::Slh_ (0) = Ruepreds(v) P(S:)Cush— (u), (u, 0>)
From [21] and [14]

(22) Ss:slh_ (U) = Ruepreds(v) [P (Rp e {p | pePaths(u) A C(p) A Iength(p)<k}7—-(p)> <u> U>)]
In the case that the size of the set of paths is more than one, from [7], and
in the case that the set of paths is singleton, from Ry,} = v and [8], and
in the case that the set of paths is empty, from Ry = L and [6],
we have

(23) P (Rpe(p | pepathsu) A C(p) A length(p) <k} F (P), (w,0)) =

Rp e (p | pepaths(u) A C(p) A length(p)<k} T (P - (u,0))

After substituting [23] in [22]

(29) S,’,‘:;h_(v) = Ruepreds(o) [Rp e {p | pePaths(u) A C(p) A length(p) <k} F (P - (1, 0))]
that is

(25) S:f:slh_(v) =Rp e {p | Tu. pePaths(u) A uepreds(v) A C(p) A length(p)<k} T (P - (1, 0))
From [25] and Lemma 9
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(26) S,’f:slh_ (9) = Rp e {p | Fu. pePaths(u) A ucpreds(v) A C(p-(u0)) A length(p) <k} F (P {1, 0))

that is

(27) Sg;lh,(ﬂ) =Ry c (pr | p'ePaths(o) A C(p) A 0<length(p)<k+1} T (P”)
From [27] and [20]

Sg:;m(v) =Rpe{p | pePaths(o) A C(p) A length(p)<k+1}F (P)s

LEMMmA 13.

ForallR, F,C,I,P,k > 1 ands, v, where
(1) C(p) = (head(p) = s),

(2)Vv € V. C({v,0v)) — I (v) = F ({v,0))
(3)Yo e V. =C({v,0)) > T (v) =L
ifS;I)(ushf (Z)) # S[IJ(u_sl}'lf(U)’

then v is reachable froms.

Proof.
Immediate from induction on k for Def. 4.
The base case is from [1], [2] and [3].

LEmMmA 14.

ForallR, F,C,I,P,k > 1ands, v, where
(1)C(p) = (head(p) = 5),

(2)Yu € V. C({v,v)) — I (v) = F({v,0))
(3) Vo € V. =C({v,0)) —> I (v) = L

there is no cycle that contains s,

then Sk he(8) = I(s).

pus

Proof.
Immediate from induction on k for Def. 4.

The inductive case is refuted by Lemma 13 and the assumption of acyclicity for s.
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2990 We now consider the second variant. The second variant of push, non-idempotent was defined
2991 in Def. 7.

2992

2993 THEOREM 26 (CORRECTNESS OF PUSH (NON-IDEMPOTENT REDUCTION) II).

2994 ForallR, ¥,C, I,P, andk > 1, if the conditions C; - Cg and Cy; hold,
2995 Sk h(0) = Speck(z))

pus

2996
2007 We assume that

(1) Vn.R(n,L)=n
2998

(2) Vn,n’. R(n,n’) = R(n',n)

3000 (3) Vn,n’,n”. R(R(n,n"),n”) = R(n,R(n’,n"’))

3001 (4) Yo € V.C({v,v)) — I (v) = F ({0,0))
(
(
(

2999

5) Yo e V.=-C({(v,v)) > I (v) = L

3002
3003 6) Ye. P(L,e) =1L

3004 7) Vp1, p2 €P v eV.

3005 tail(p1) = tail(p2) —

3006 let u = tail(py) in

3007 P [R(F (1), F (p2)), (w.v)] =

3008 RIF (1~ (w,0)), F(p2-(u,0))]

3009 (8) Vp.e. P(F(p). &) =F(p-e)

3010 9) Vn,n’. R(n, R(P(n', {u,v)),

son B(n',(uv)))) =n

3012 Form Def. 6, we have

3013 Speck(v) = Ry e (p| pepaths(v) A C(p) A length(p)<k} T (P)
3014

3015 Proof by induction on k:
3016 Base Case:

3017 k=1

3018 We should show that

3019 S;ushf(v) = Rp € {p | pePaths(v) A C(p) A Iength(P)<1}T(p)
3020 that is

3021

S ush- () =Rpe (p | p=(orn cpn T (P)

3022 We consider two cases:

3023 Case:

o (10) C({v,0))

3025 We should show that

. Spush—(©) = Ry F (p)

3027 !

s that 11S

S} (0) = F ((0,0))

203 that is straightforward from Def. 4, [4] and [10].
201 Case:

(11) ~C((0,0))

2033 We should show that

Shuon (@) =R T (p)

3035 that is

3036 S;ushi(v) =1

3037 that is straightforward from Def. 4, [5] and [11].
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Inductive Case:

(12) k >

1

The induction hypothesis is:

(13) S¥ . (9) =Rpc (p | pepaths(o) A C(p)  length(p)<k) T (p) forallvand k' < k

We should show that

k+1
:gpush—

(U) = Rp e {p | pePaths(v) A C(p) A Iength(p)<k+1}7_-(p)

By Lemma 15 on [1], [2], [3], [6] and [9], we have

(14) SK (0) = R T(0), Rucpreas(o | P(SE (@), w0} |
From [14] and [13]
(15) Sk, (0) =R

pus

1 (o),
RuEpreds(u) [P (ﬂp e {p | pePaths(u) A C(p) A |ength(p)<k}7:(p)a (u, U>)]]

In the case that the size of the set of paths is more than one, from [7], and
in the case that the set of paths is singleton, from R,; = v and [8], and
in the case that the set of paths is empty, from Ry = L and [6],

we have

(16) P (Rp € {p | pePaths(u) A C(p) A Iength(p)<k}¢(p), (u, U>) =

After sub

Rp e {p | pepaths(u) A C(p) A length(p)<k} T (P * {4, 0))
stituting [16] in [15]

(17) Sk (@) =RI[

that is

push
I(v),

Ruepreds() [Rp e {p | pepathsw) A C(p) A length(p) <k} F (P - (w,0))]]

(18) SK1 () =R]

push—
I (v),

Rpe {p | 3u. pePaths(u) A uepreds(v) A C(p) A [ength(p)<k}7:(P “(u,0))]

From [18] and Lemma 9

(19) Skl () = R[

that is

push—
1 (v),

Rpe {p | Ju. pePaths(u) A uepreds(v) A C(p-{u,0)) A [ength(p)<k}7:(P ~(u,0))]

(20) S (v) =R[

From [4]

pus
1 (v),
Rp’ e {p’ | p’ePaths(v) A C(p’) A 0<[ength(p/)<k+l}¢(p,)]
and [5],

(21) Rpe(p | pepaths(v) A C(p) A length(p)=0} F (p) = I (v)
From [20] and [10],
(22) Sk, (0) = R

that is
Sk+l

push+

push+
Rp € {p | pePaths(v) A C(p) A Iength(p):O}T(p)a
Rp e {p | pePaths(v) A C(p) A 0<length(p)<k+1} T (P)]

(v) = Rpc{p | pePaths(v) A C(p) A length(p)<k+1}F (),
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LEMMA 15.
For allR, F,C, I,P, k > 1 ifthe conditions C; - Cy hold,

S ©) =R [T(0), Rucpreasto | PS4 (), w0))]|

Proof.
We assume that
(1) Vn.R(n,L)=n
(2) Yn,n’. R(n,n") = R(n’,n)
(3) Vn,n’,n"”". R(R(n,n’),n”) = R(n,R(n’,n""))
(4) Ye. P(L,e)=1
(5) Yn,n'. R(n,R(P(n’, (u,v)),
B(n',(u,0)))) =n

Proof by induction on k:
Base Case:
(6) k=1
By Def. 4,
(7) VYu. Sgush_(u) =1
(8) Vu. S;ush— (w) =I(u)
From [7], [4] and [1],

) R |7(0), Rucpredsior | PSSy (@), o)) || = 70)

From [9] and [8],

Sl (1) =R [T(0), Rucpreastoy [P0y (), . 0)) |

Inductive Case:
The induction hypothesis is

(10) SE,, (0) = [I(v) Ruscpreds (o) [so(spush (u), (u, @)H forall kK’ < k

We show that

Sk (0) = R (0), Rucpreds(o) [Pk (), w0))|)

From Def. 4, we have that

(11) S§+;h (0) = S,

(12) {uy,.,unt=u € {u | u € preds(v) A Spush (u) # Spush (u)}

(13) S = Sk, (0)
(14) Sy = R(R(Si,

B ( Sk (), i 0)))

P(SE g (i), s, 0))
From [11]-[14], and [2] and [3], we have
(15) S;])C:slh+(0) = R(Spush (U)
R -

pus

u € {u | uepreds(v) A Spush (u)£S
I:Séfuslh (ui)> <ui’ U)]

Pk (@), (.0 )
From [15] and [10], we have

1w R(

Anon.
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(16) SK,(0) = R(R | 7(0), Rucpreasto |P(SEh (), o] |,
Rue{u | uepreds(v) /\Sk she (u)#Sk- h (u)}R(

ko). G|
P8k g (), i 0)])

pus

that is
(17) Spil, (@) = R(R(Z (v), R(
Ruic (u | uepreds(o) A 85, (w)=S51_(w)} [P(Sgush (u), (u, 0))]
Ruie (u | uepreds(o) A S, (w85 () [P(Spush (), (usv))]))
R e (u | uepreds(s) A S WESKD (u N R(
B[Sk (). ()|
P[SE (), ()
that by [5] is
(18) Spl (v) = R(Z (0), R(
Ruic (u | uepreds(o) A S, (=851 (w) [P(Sgush (u), (u, 0))]
Ruie (u | uepreds(o) A S, (w851 () 70[ push— (4i)> (ubv)]))
that is
(19) Sk (0) = R(Z (0), R(
Ruic (| uepreds(o) A S5, (w)=S51_(w)} [P(ngh_(u), (u, v))],
Rue {u | uepreds(o) ASE WESEL (u) 70[ push— (#i); (uz,l))]))
that is
(20) Skri. () = R(Z (),

Ruepreds(o) P(Spush (u)5 (u, U))])
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3186 4.4.5 Termination

3187
3188 THEOREM 27 (TERMINATION).
1150 Forall R, ¥, and C,
319 if the graph is acyclic or the condition Cyy holds, then there exists k such that for every k’ > k
’ K () —
3101 Spec” (v) = Spec(v).
3192 Proof
3193 We assume that
3194 (1) Spec(v) =Ry e (p|pepaths(o) A c(p)y T (P)
jms (2) Speck(v) =Ry e (| pepaths(v) A C(p) A length(p)<k} T (D)
:ﬂ% (3) The graph is acyclic or
v Cio: R(F (p). F (simple(p))) = F (simple(p))
Let
I (4) I be the longest simple path to v (that satisfies C).
3200
Let
200 (5) P! = {p|p € Paths(v) A C(p) A length(p) <I+1}
zgj (6) P = {p|p € Paths(v) A C(p) A length(p) <1+i}, i>1

1204 (7) P = {p|p € Paths(v) A C(p)}
From [2], [5] and [6], we have

3205
1206 (8) Spec(v) =Rp F(p)

3907 (9) Spec'*!(v) = Rpis F(p)

3208 (10) SPeClH(U) = Rpii F(p)

3209 From [4], [7], and [5],

3210 (11) No path in P\ P! is simple.

3211 (12) No path in P \ P"* is simple.

3212

3213 From [3], we consider two cases:

3214 Case:

3215 (13) The graph is acyclic.

3216 From [11], [12] and [13], we have

3217 (14) P+ =pHi = p

3218 Thus, from [8], [9] and [10], for kK’ = [ + 1, for all K’ > k, we have
3219 Speck'(v) = Spec(v)

3220

3221 Case:

3222 (15) Vp. R(F (p), F (simple(p))) = F (simple(p))

3223 From [11] and [4], we have

3204 (16) Vp. p € P\ P*! — length(simple(p;)) < [+1
3225 From [7], we have

3226 (17) Vp.p € P\ P*! — p € Paths(v)

3227 (18) Vp.p € P\ P — C(p)

3228 From [17], we have

3229 (19) Vp. p € P\ P*! — simple(p) € Paths(v)

3230 By Lemma 16 and [18],

3231 (20) Vp. p € P\ P*1 — C(simple(p))

3232 From [19], [20], [16] and [5]

3233 (21) Vp. p € P\ P*! — simple(p) € P!

3234
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From [15],
(22) Vp.p € P\ PH1 = R(F(p), F (simple(p))) = F (simple(p))
From [21] and [22],
(23) Vp.p € P\ P*! — R(F(p), Rpi1 F(p)) = Rpt F(p)
therefore
(24) R(Rp\plﬂ T(p),RPM 7:(]))) = Rpin 7:(]))
that is
(25) Rp F(p) = Rpis F(p)
From [25], [8] and [9], we have
(26) Spec(v) = Spect!(v)
Similarly, for every k > [ + 1, we can prove that
(27) Speck(v) = Spectt!(v)
From [26] and [27], we have that for K’ > [ + 1,
Spec¥ (v) = Spec(v)

LEMMA 16.
Vp. C(p) & C(simple(p))

Proof.
We consider the two cases:
Case:
(1) C(p) = (head(p) =s)
Simplification removes cycles but does not change the source vertex, therefore,
head(p) =s & head(p - (u,0)) =s
(2) C(p) =True
Straightforward by
True <> True
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5 Implementation
5.1 Mapping lteration-Map-Reduce to Graph Frameworks

In this section, we map our synthesized functions to graph computations on different graph
processing frameworks. We first present the runtime for each framework to understand how
different user-defined functions get invoked in these frameworks, and then show how init_vertex,
reduce and propagate get utilized for path computations on these frameworks. We select four
different graph processing frameworks: PowerGraph [1] and Gemini [4] are distributed graph
processing systems, Ligra [2] is a shared-memory graph processing system while GridGraph [5] is
a disk-based out-of-core graph processing system. Since these frameworks are highly parallel, we
will also discuss how transaction semantics get maintained by our reduce.

We note that Gemini, GridGraph and PowerGraph do not inherently support non-idempotent
functions. However, all these frameworks can be used to calculate non-idempotent reductions by
converting them into idempotent reductions. For example, for the NSP use-case, the non-idempotent
sum function can be expressed as a “differential sum” which aggregates only the change in the
value instead of the entire new value.
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class Engine<graph, gather_reducer,
message_reducer> {

void run() {
active: Set of signaled vertices

int main() {

Graph<vertex_type, edge_type> g;
g.load();
g.transform_vertices(initialize);
g.transform_edges(init_edge);

next_active = J;
while(active !'= @) {
par_for(v € signalled) {
init(v, msg);
dir_type gd = gather_edges(v);
par_for(e € edges(v, gd))
gv = gather(v, e);
apply(v, gv);
dir_type sd = scatter_edges(v);
par_for(e € edges(v, sd))
scatter(v, e);
T3

active = next_active;

Engine engine = new Engine<g,
gather_reducer,
message_reducer>

engine.map_reduce_edges(signal_vertices);

// engine.signal_all();

engine.run();

// T aggregated_value =

// engine.map_reduce_vertices<T>(transform);

next_active = J;

}h

Fig. 22. PowerGraph Runtime

5.2 PowerGraph

PowerGraph is a distributed graph processing system that provides a shared-memory programming
abstraction. It efficiently processes power-law graphs by incorporating a vertex-cut strategy for
balanced workload distribution, and by parallelizing vertex computations across edges. It achieves
this by splitting vertex-computations across three steps: gather, apply, and scatter. Figure 22
shows PowerGraph’s iterative processing model. The run() method processes a set of vertices in
each iteration by invoking five functions (marked in blue). The gather () function iterates through
edges of a vertex (incoming, outgoing, both or none, as defined by gather_edges()) to aggregate
the values from its neighbors. The apply () function computes a new value of the vertex based on
the aggregated value from the gather step. Finally, the scatter () function iterates through edges
of a vertex (incoming, outgoing, both or none, as defined by scatter_edges()) to propagate its
new value to its neighbors.

In each iteration, the set of vertices to be processed are identified via explicit vertex-signaling
mechanism. Typically, if a vertex’s value changes, it ‘signals’ its neighbors in the scatter()
function so that they get processed in the subsequent iteration. For the first iteration, the set of
vertices to be processed are signalled before invoking the run() method (as shown in main()).

Apart from iterative processing, PowerGraph also provides capabilities for transforming and
reducing vertex (and edge) values. The map_reduce_vertices() function shown in main() can
be used to perform vertex-based reductions.

Mapping Synthesized Functions.

PowerGraph allows expressing graph computations in pull mode (Figure 23) and in push mode
(Figure 24). In pull mode, the propagation of values across edges occurs in the gather step, and the
values propagated to a vertex (or ‘pulled by a vertex’) in this step are passed through an aggregator
as defined in struct reducer. In push mode, value propagation occurs in the scatter step and
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struct reducer {

VValueType value; void apply(vertex_type& v, reducer& red_gv) {
reducer& operator+=(reducer& other) { changed = false;
value = reduce(value, other.value); if(reduce(red_gv.value, v.data()) !=
return *this; v.data(Q)) {
33 v.data() = red_gv.value;
changed = true;
bool changed = false; }
void init(vertex_type& v, empty_type& m) { } }
dir_type gather_edges(vertex_type& v) { dir_type scatter_edges(vertex_type& v) {
return in_edges; } return changed ? out_edges : no_edges;
3
reducer gather(vertex_type& v, edge_type& e) {
if (e.source().data() != none) { void scatter(vertex_type& v,
return propagate(e.source(), e); edge_type& e) {
} else { signal(e.target());
return none; }
T3

Fig. 23. PowerGraph Pull

struct reducer { void apply(vertex_type& v,
VValueType value; reducer& red_gv) {
reducer& operator+=(reducer& other) { changed = false;
value = reduce(value, other.value); if(reduce(msg.value, v.data()) !=
return *this; v.data()) {
37 v.data() = msg.value;
changed = true;
bool changed = false; T3
reducer msg;
void init(vertex_type& v, dir_type scatter_edges(vertex_type& v) {
empty_type& m) { return changed ? out_edges : no_edges;
msg = m; 3
3
void scatter(vertex_type& v,
dir_type gather_edges(vertex_type& v) { edge_type& e) {
return no_edges; VValueType new_val = propagate(v, e);
3 if(reduce(new_val, e.target().data()) !=
e.target().data()) {
reducer gather(vertex_type& v, signal(e.target(), new_val);
edge_type& e) { } 13

Fig. 24. PowerGraph Push

the values propagated to a vertex (or ‘pushed to a vertex’) in this step are passed through the
aggregator.

In both the modes, the aggregated value is again passed to reduce() operation along with the
vertex’s current value to identify whether the aggregated value is useful. Due to monotonic nature
of reduce(), the usefulness of the value is directly determined by != operator. It is interesting
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to note that push mode can eliminate unnecessary value propagations by invoking reduce() on
the neighboring vertex during scatter to check usefulness of the value before propagating. Also,
since PowerGraph’s semantics ensure that the entire vertex program (gather-apply-scatter) gets
executed atomically, we synthesize reduce() using simple (non-atomic) operators.

Finally, vertex initializations are achieved via a map operation on vertices (by transform_vertices()
operation in main() function). Furthermore, vertex-based reduction is achieved by passing two
functions to map_reduce_vertices(): an aggregation function that performs reduction, and a
transformation function that updates vertex values before aggregation.
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5.3 Ligra

Ligra is a single machine shared memory graph processing system that parallelizes computations
across edges and vertices. Since our path-based computations wholly operate on edges, we show
Ligra’s edgeMap () operation in Figure 25. Given a subset of vertices U and an edge function (),
the edgeMap applies f () on all the outgoing edges of vertices in U. It is interesting to note that edge
function f () must maintain atomicity.

Mapping Synthesized Functions.

Since edgeMap operates on outgoing edges, we compute our path algorithms in push mode. As
shown in Figure 25, our compute () method iteratively invokes edgeMap() on frontier vertices,
i.e., those whose values have been updated. The initial vertex frontier can be defined as the source
vertex for computations relying on the source, or as the entire vertex set when source is not
available (e.g., for connected components algorithm).

Figure 25 shows the structure of our edge function. It propagates value from source to destination
and immediately reduces the propagated value with the destination’s current value. The reduction
operation writes the new value for destination vertex if the propagated value is better than des-
tination’s current value. It is important to note that Ligra invokes edge operations concurrently
without atomicity guarantees like PowerGraph. To maintain atomicity in our edgeFunction(),
our reduce() operation writes the final value using CAS operation.

While Ligra does not natively provide aggregation over vertices, we implemented a parallel
vertex aggregator that maps over vertices and aggregates their values to perform vertex-based
reductions.

vertexSubset edgeMap(graph g,
vertexSubset U, func f, func c) {
vertexSubset out = &;
par_for(v € U)
par_for(ngh € out_neighbors(v))
if(c(ngh) && f(v, ngh, w(ngh)))
out = out.insert(ngh);
return out;

}

void compute(graph g) {
VValueTypex values =
new VValueType[g.n];
par_for(VIdType i=0;i<n;i++)
values[i] = initialize(i);
vertexSubset frontier(n,src);
// vertexSubset frontier(n, n,

// o, 1, .., 1D

while(!frontier.isEmpty()) {
next_frontier = edgeMap(g,
frontier, edgeFunction,
condFunction);
frontier.del();
frontier = next_frontier;
3
frontier.del();
3

bool edgeFunction(VIdType s, VIdType d,
EWeightType w) {
return reduce(&values[d],
propagate(s, EdgeType(s, d, w)));

bool condFunction(VIdType d)
{ return true; }

Fig. 25. Ligra Runtime & Push
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5.4 Graphit

Graphit is a single machine shared memory graph processing DSL and framework that parallelizes
computations across edges and vertices Graphit utilizes different scheduling models. GraFs has
adopted the push scheduling model shown in the 26. Given a frontier U and an struct type containing
the edge function (), the edgeMap applies () on all the outgoing edges of vertices in U. It is
interesting to note that edge function f () must maintain atomicity.

Mapping Synthesized Functions.

As shown in Figure 26, the main () method iteratively invokes edgeMap () on frontier vertices, i.e.,
those whose values have been updated. The initial vertex frontier can be defined as the source vertex
for computations relying on the source, or as the entire vertex set when source is not available
(e.g., for connected components algorithm).

Figure 26 edgeMap () shows the structure of our edge function. It propagates value from source to
destination and immediately reduces the propagated value with the destination’s current value. The
reduction operation writes the new value for destination vertex if the propagated value is better than
destination’s current value. It is important to note that Graphit invokes edge operations concurrently
without atomicity guarantees like PowerGraph. To maintain atomicity in the edgeMap(), the
reduce() operation writes the final value using CAS operation. To support map and reduce over
the vertices, we have adopted parallel for structure in Graphit framework.

int main() {
WGraph g;
g.load();
VValueType* values =
new VValueTypel[g.n];
par_for (VIdType i=0;i<n;i++)

template<typename EDGE_MAP>
vertexSubset edgeset_apply(WGraph g,
vertexSubset U, EDGE_MAP f) {

vertexSubset out = J;
par_for(v € U)

par_for(ngh € out_neighbors(v))

if(f(v, ngh, w(ngh)))

out = out.insert(ngh);

return out;

}

values[i] = initialize(i);
vertexSubset frontier(n,src);
//vertexSubset frontier(n,n);
addVertex(frontier, src) ;
while(!frontier.isEmpty()) {
next_frontier =
edgeset_apply(edges, frontier, edgeMap());
frontier.del();
frontier = next_frontier;
b
frontier.del();
3

struct edgeMap {
bool operator(NodeID s, NodeID d, int w) {
return reduce(&values[d],
propagate(s, EdgeType(s, d, w)));
}
}

Fig. 26. Graphit Runtime & Push
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5.5 Gemini

Gemini is a NUMA-aware, distributed, high-performance graph processing system. It extracts
parallelism across multicores by partitioning threads across NUMA nodes, and uses MPI for
coordination across machines. It incorporates a hybrid push-pull processing model that dynamically
switches between pull mode and push mode depending on the number of active vertices. The pull
mode is performed when number of active vertices is large (based on a threshold), and it effectively
iterates over all the incoming edges of a vertex to compute its next value. On the other hand, the
push mode is performed when number of active vertices is small and it iterates over all the outgoing
edges of a vertex to compute their next value.

Similar to Ligra, we show process_edges() in Figure 27 since our path-based computations
operate on edges only. As we can see, process_edges() accepts four user-defined callbacks along
with a bitmask indicating the set of active vertices. The bitmask is first checked to determine sparsity
of the iteration, based on which, either the first two callbacks are invoked (if sparse), or the other two
call backs are invoked (if dense). The sparse_signal and dense_signal callbacks determine the
value to be propagated from/to a vertex to/from its outgoing and incoming neighbors respectively.
These values are maintained in form of messages, that are shuffled and sorted across NUMA nodes
and machines. Then, the sparse_slot and dense_slot callbacks compute the new vertex value
based on the propagated values (or messages) from sparse_signal and dense_signal respectively,
and also activate neighboring vertices to be processed in the next iteration. It is interesting to note
that iterating over the incoming and outgoing edges is performed by the user-defined callbacks, as
opposed to the runtime as achieved in PowerGraph and Ligra.

Mapping Synthesized Functions.

We leverage Gemini’s hybrid push-pull processing model by expressing our path-based computa-
tions in both, push mode and pull mode. The main() method in Figure 27 first activates the source
vertex by setting its bit value, and then iteratively calls process_edges() (setting all bits activates
all vertices, as required by algorithms like connected components).

In push mode (sparse_signal and sparse_slot), the source vertex emits its value which is
propagated to the outgoing neighbors. Similarly, in the pull mode (dense_signal and dense_slot),
the destination propagates in the values from its incoming neighbors using which it computes the
best value for itself. To ensure atomicity, similar to that for Ligra, CAS operation is used to write
the final value in reduce(). Vertex-based reductions are also achieved in same manner as in Ligra.
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VertexId process_edges(func sparse_signal,
func sparse_slot, func dense_signal,
func dense_slot, Bitmap* active) {

sparse = compute_sparsity(active);

if(sparse) {

par_for(VertexId v € active)
sparse_signal(v);
exchange_messages();

par_for(msg € messages) {
VertexId source = message.vertex;

num_active_vertices =

73

while(num_active_vertices > 0) {
active_out->clear();

g->process_edges(
[&](VertexId src){
g->emit(src, values[srcl);
1
[&](VertexId src, VValueType msg, AdjList out_nbrs) {
VertexId activated = 0;
for (AdjUnitx ptr € out_nbrs) {
VertexId dst = ptr->neighbour;

sparse_slot(source, message.msg_data, outAdjList[v]);if(reduce(&values[dst], propagate(msg,

3

} else {
par_for(VertexId v € V)
dense_signal(v, inAdjList[v]);
exchange_messages();
par_for(msg € messages) {
VertexId target = message.vertex;
dense_slot(target, message.msg_data);
3

}

}

int main() {
Graph g;
g.load();
values = g->alloc_vertex_array<VValueType>();
VertexSubset* active_in =

VertexSubsetx active_out = g->alloc_vertex_subset();

g->alloc_vertex_subset();

for(VertexId i=0; i<g->vertices; ++i)
values[i] = initialize(i);

active_in->clear();
active_in->set_bit(src);

VertexId num_active_vertices = 1;
// active_in->fill();

// VertexId num_active_vertices = graph->vertices; }

}

EdgeType(src, dst, ptr->edge_data)))) {
active_out->set_bit(dst);
activated += 1;

3

}

return activated;

3,

[&](VertexId dst, AdjList in_nbrs) {
VValueType msg = none;

for (AdjUnitx ptr € in_nbrs) {
VertexId src = ptr->neighbour;
reduce (&msg, propagate(values[src],

EdgeType(src, dst, ptr->edge_data)));

}

if (msg != none) g->emit(dst, msg);

b

[&](VertexId dst, VValueType msg) {
if(reduce(&values[dst], msg)) {
active_out->set_bit(dst);
return 1;

3

return 0;

3

active_in

)5

swap(active_in, active_out);

Fig. 27. Gemini Hybrid Push-Pull Runtime
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5.6 GridGraph

GridGraph is an out-of-core disk-based graph processing system. It maintains the graph in a
2D grid layout that resides on disk, and uses a streaming partition based processing model to
sequentially accesses disk partitions. Figure 28 shows stream_edges and stream_vertices that
are used to process the graph. The stream_edges function processes active set of edges by reading
the corresponding partitions from disk one-by-one and invoking the user-defined process function
on the edge. The stream_vertices function invokes a user-defined function on active vertices
(similar to MAP operation). It is interesting to note that both these methods take care of disk
operations so that the user-defined functions can focus solely on edge and vertex computations.

Mapping Synthesized Functions.

Similar to Ligra, we express our path computations on GridGraph in push mode. The main func-
tion first initializes the vertex values using stream_vertices, after which it iteratively calls
stream_edges on outgoing edges of active vertices. For each edge, the computation propagates
the source’s value to the destination in parallel (CAS operation used in reduce() for atomicity).

return 0;
void stream_edges(func process, Bitmapx active) { 3});
for(partition p € partitions) {

if(p ¢ active) active_out->clear();
continue; active_out->set_bit(src);
for(Edge e € p) VertexId num_active_vertices = 1;
if(e.source € active) // active_out->fill();
process(e); // VertexId num_active_vertices = g.vertices;
}
3 while (num_active_vertices > 0) {

swap(active_in, active_out);
void stream_vertices(func process, Bitmap* active) { active_out->clear();

par_for(VertexId v € V) { active_vertices = g.stream_edges<VertexId>([&]

if(v € active) (Edge& e) {

process(v); if (reduce(&vertex_values[e.target],
} propagate(
} e.source,

EdgeType(e.source, e.target, e.w))
int main() { M {
Graph g(load_path); active_out->set_bit(e.target);
Bitmapx active_in = g.alloc_bitmap(); return 1;
Bitmap* active_out = g.alloc_bitmap(); }
vertex_values.init(vertex_path, g.vertices); return 0;
}, active_in);

g.stream_vertices<VertexId>([&](VertexId i) { 33

vertex_values[i] = initialize(i);

Fig. 28. GridGraph Runtime
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3725 5.7 Path-based Reduction Synthesis

3726
3727  //NWR usecase
3728 struct VValueType{ //Radius usecase
3729 uint32_t first; struct VValueType{
3730 uint32_t second; uint32_t first;
3731 }; uint32_t second;
VValueType reduce(const VValueType a, };
3732 const VValueType b) { VValueType reduce(const VValueType a,
3733 bool r = 0; const VValueType b) {
3734 VValueType c; bool r = 0;
3735 VValueType w; VValueType c;
3736 do { VValueType w;
3737 c = a; do {
3738 W =c; c = a;
3739 if (b.first < c.first) { w = c;
3740 w.first = b.first; if (b.first < c.first) {
3741 } else { w.first = b.first;
740 if (b.first > c.first) { } else {
w.first = c.first; if (b.first > c.first) {
3743 3 w.first = c.first;
3744 }
3745 }if (b.second > c.second) { }if (b.second < c.second) {
3746 w.second = b.second; w.second = b.second;
3747 } else {
3748 } else { if (b.second > c.second) {
3749 if (b.second < c.second) { w.second = c.second;
3750 w.second = c.second; 3
3751 3 3
475 } } while(((b.second < c.second ||
1753 } while(((b.second > c.second || b.first < c.first) &&
b.first < c.first) && I (r=cas(a,c,w))));
3754 I'(r=cas(a,c,w)))); return r;
3755 return r; }
3756 3
3757
78 Fig. 29. Generated atomic reduce functions for more elaborate use-cases. The rule FMPAIR is used to generate
3759 atomic reduce functions for NWR and Radius use-cases, respectively.
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//BFS usecase

struct VValueType{

uint32_t first;

uint32_t second;

3

VValueType reduce(const VValueType a,
const VValueType b) {

bool r = 0;

VValueType c;

VValueType w;

//SP usecase

struct VValueType{

uint32_t first;

3

VValueType reduce(const VValueType a,
const VValueType b) {

bool r = 0;

VValueType c;

VValueType w;

do {
do {
c = a; = a
- Ly

if (b.first < c.first) {

i fi < c.fi
w.first = b.first; if (.first < c.first) {

w.first = b.first;

} else {

if (b.first > c.first) {
w.first = c.first;

3

3
} while((b.first < c.first &&
!'(r=cas(a,c,w)))); return r;

w.second = b.second;
} else {
if (b.first > c.first) {
w.first = c.first;
w.second = c.second;
}
}
} while((b.first < c.first &&
!'(r=cas(a,c,w)))); return r;

//WP usecase

struct VValueType{

uint32_t first;

3

VValueType reduce(const VValueType a,
const VValueType b) {

bool r = 0;

VValueType c;

VValueType w;

//CC usecase

struct VValueType{

uint32_t first;

b

VValueType reduce(const VValueType a,
const VValueType b) {

bool r = 0;

VValueType c;

do
VValueType w; ¢
c = a;
do { w = c;
c = a; . . .
if (b.first > c.first) {
w = c;

w.first = b.first;
} else {
if (b.first < c.first) {
w.first = c.first;
3
3
} while((b.first > c.first &&
!'(r=cas(a,c,w)))); return r;

if (b.first > c.first) {
w.first = b.first;

} else {

if (b.first < c.first) {
w.first = c.first;

}

}
} while((b.first > c.first &&
! (r=cas(a,c,w)))); return r;

Fig. 30. Generated atomic reduce functions for simple use-cases.

Anon.
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//WSP usecase
struct VValueType{
uint32_t first;
uint32_t second;

3

VValueType reduce(const VValueType a,
const VValueType b) {

bool r = 0;

VValueType c;

VValueType w;

do {
c = a;
W= c;

if (b.first < c.first) {
w.first = b.first;
w.second = b.second;

} else {

if (b.first > c.first) {
w.first = c.first;
w.second = c.second;

3

}if (c.first == b.first) {
w.first = c.first;
w.second = std::max(b.second, c.second);

3

} while(((b.first < c.first ||
(c.first == b.first &&
b.second > c.second)) &&
I'(r=cas(a,c,w))));

return r;

3

Fig. 31. Generated atomic reduce function for WSP
usecase. The rule FPNEsT is used to generate atomic
reduce functions for WSP usecase.
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6 Experimental Results

We presented the core of our experimental results in the main body of the paper. We present the
rest of the experimental results in this section.
e In § 6.1, we study the scalability of fusion. We measure the speedup as the number of fusions
increase.
e In § 6.2 we report the weighted graphs execution times for the unweighted graph execution
times reported in the main body of the paper § 7, Fig. 15.
e In § 6.3, we report the execution times for the normalized execution times reported in the
main body of the paper § 7, Fig. 16.
e In § 6.4, we compare the performance of the push, pull and the hybrid models.
e In § 6.5, we compare the synthesized and handwritten programs for streaming graphs.
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6.1 Fusion Scalability
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Fig. 32. Fusion scalability of GRAFs on the RADIUS use-case. The graph is unweighted LiveJournal. The backend
is PowerGraph. (a) Normalized execution time with respect to the execution time of one path-based reduction
and (b) Normalized number of edge operations with respect to the number of edge operations for one
path-based reduction.

In this section, we study the scalability of the fusion transformations. We show that the performance
of the synthesized code scales with the number of fusions.

We compare the fused and unfused implementations of the RADIUS use-case over several sample
sizes. We increase the size of the sample source set from 1 to 7. Thus, the number of path-based
reductions is increased from 1 to 7. Accordingly, the number of possible fusions is increased from 1
to 7 as well. We run the experiment on the unweighted LiveJournal graph in PowerGraph (push
model) framework. Fig. 32 presents the results that are normalized with respect to the Raprus
instance with sample size of one i.e. one path-based reduction.

Fig. 32a shows the execution time of both fused and unfused implementations of the code,
normalized with respect to the execution time of one path-based reduction. Fig. 32b shows the
number of processed edges in both fused and unfused implementations, normalized with respect to
number of edges processed by one path-based reduction. With the increase in the sample size, we
observe a linear increase in the execution time and processed edges for the unfused implementation.
The reason for the linear increase is that the unfused implementation performs the iterative
computations for the sources separately. However, the fused implementation benefits from the
overlapping computations in each iteration and performs them together. Hence, it results in a faster
execution time and a fewer number of edge operations. Thus, it exhibits more scalability than the
unfused implementation.

We note that fusion might be beneficial up to a limit on the number of fused operations. Fusing
many values into a tuple may lead to memory overheads and affect performance due to lack of
locality. A cost model can automatically determine whether fusion can improve performance, and
the granularity of fusion. The cost model can be developed by profiling the dynamic behavior of
the queries on the input graphs.
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6.2 The Effect of Fusion

Table 3. Execution times (in seconds). H: Handwritten, S: Synthesized, R: the ratio %

Prog Input ‘ Ligra ‘ GridGraph ‘ Gemini ‘ PowerGraph (Push) ‘ PowerGraph (Pull) ‘ Graphlt (Push)
|s|H|R| s | H|R|S | H|R|S|H|RI|S|H|JR|]SI|HI|R

LJ 12 | 27 | 23 3.7 16.3 4.3 0.5 1.4 2.8 9.4 31.7 3.3 16.5 60 3.6 | 0.75 2.2 29

DRR ™ - - - 82 215 2.6 7 16 2.2 61 184 3 107 392 3.6 12 41 33
™ - - - 130 325 2.5 33 110 3.3 94 313 3.3 223 760 3.4 202 345 1.7

FR - - - 223 464 2 27 68 2.5 202 520 2.5 297 1093 | 3.6 - - -

LJ 1.1 26 | 23 6.2 16 2.5 0.7 1.32 1.8 - - - 19.7 54 2.7 1 2.2 2.1

Trust ™ - - - 2413 2433 1 11.9 16 1.3 - - - 151 392 2.6 23 48 2.1
™ - - - 3215 | 5312 1.6 24 18 0.75 - - - 214 636 3 940 370 | 0.4

FR - - - 540 620 1.1 | 7965 11105 14 364 419 1.1 367 1003 | 2.7 - - -

LJ 1.7 | 2.2 14 6.7 10 1.5 0.8 1.2 14 23 33 14 - - - 13 2.2 1.7

LTrust ™ - - - 86 168 1.9 10 15.3 1.5 150 193 1.2 - - - 25 41 1.6
™ - - - 142 186 1.3 12 16.2 1.3 281 324 1.1 - - - 324 679 | 2.1

FR - - - 584 1048 1.8 | 5300 7315 1.3 389 442 1.2 - - - - - -

Ligra GridGemini PG PG Graphlt Ligra GridGemini PG PG Graphlt Ligra GridGemini PG PG Graphlt
Graph Push Pull Graph Push Pull Graph Push Pull

—~ 80 | (DRR) (Trust) (LTrust

<o bt 1 gl o

Fig. 33. Edge-work Ratio: Normalized # of edges processed by the fused over the unfused version. Missing
bars are due time-out after 24 hours.

Normalized #
op
S
S

Here we present the results for the effect of fusion on more elaborated use-cases. Similar to
Fig. 15 and Table 1 in section § 7, we report The edge-work ratio and absolute execution times for
weighted graphs in Fig. 33 and Table 3 respectively. We can observe that like unweighted graphs,
fusing results in overal 2.1X speedup across different frameworks and input graphs.
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Use-case | Tnput Ligra GridGraph Gemini PowerGraph (Push) | PowerGraph (Pull)
H S R H S R H S R H S R H S R

LJ 1 07 | 1.4 53 3.2 1.65 | 0.54 0.4 1.35 7 3.2 2.1 18.3 8.9 2

WSP ™ 374 | 19.6 1.9 10 6.5 1.5 47.2 27 1.74 | 1309 | 69.6 1.9
™ 71 37.4 1.9 14.3 9.3 15 78.7 | 45.3 1.7 199.2 | 925 21

FR 142.6 81 1.7 15.7 9.9 1.5 116.1 | 59.6 1.9 237.5 | 116.8 2

LJ 13109 | 14 7.3 3.2 2.2 1.6 1.18 1.45 7.1 4.1 1.73 19 11.7 1.6
RaDIUS ™ 40.8 21 1.9 38.6 24.6 1.6 55 45.7 1.2 156 80.6 1.9
™ 70.2 | 35.6 1.9 66.6 39.6 1.6 843 | 67.7 1.2 237 130.6 | 1.8
FR 1514 | 894 1.7 218.2 | 104.2 2 115 75.9 1.5 234 126 1.8
LJ 09 |12 13 4 2.9 1.4 0.6 0.4 1.4 7.8 3.6 2.1 17.7 8 2.2

NWR ™ 37.8 | 20.8 1.8 14.4 6.7 2.1 52.7 | 234 2.2 132.7 63 2.1
™ 62 41 1.5 22 11 2 76 38.1 2 200 97.1 2
FR 1344 | 724 1.8 22.6 10.5 2.1 116.2 | 63.6 1.8 2269 | 1151 | 1.9

Table 2. Execution times in seconds of the fused and unfused implementations. (H:
sized, R=%). Missing cells are due to out of memory executions.

Handwritten, F: Synthe-

In order to study the performance benefits of the different fusion types that the fusion rules
represent, in § 7, we studied the three use-cases WSP, NWR and Raprus (from Fig. 6). In § 7,
Fig. 16, we compared the number of edges processed by the synthesized fused programs with
that by the unfused versions for unweighted graphs. Here, we compare the execution time of the
synthesized programs with that of the unfused versions for weighted graphs. Table 2 presents the
execution times of both synthesized and handwritten implementations along with the speedup of
the synthesized implementations over the handwritten implementations that is the execution time
of the later divided by the former. In spite of variances across different input graphs and different
frameworks, as expected, synthesized implementations benefiting from fusion rules can execute
faster than the handwritten versions. Fusion results in an overall speedup of 1.4-2.1x.
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6.4 Gemini Framework Analysis

200 WSP NWR Raprus _ WSP NWR Raprus _ WSP NWR Rabius

: 0 Fused
3t

UHandwritten
a) Push (b) Hybrid (c) Pull

# of edge ops
S &
= =

w
=

LJ

I

We compared the performance of the push, pull and hybrid models on the Gemini framework.
Fig. 34 presents the number of edge operations that each of the WSP, NWR and Rap1us use-cases
process for each of the input graphs separately for each of the push, pull and hybrid models. The
number of processed edges for each use-case and input graph is normalized with respect to the
number of edges that the use-case processes on that input graph in the unfused implementation
with the pull model. We observe that overall, the push model is more efficient than the hybrid
model and the hybrid model is more efficient than the pull model. Similar to Fig. 16 in the main
body § 7, we also observe again that the fused versions process about 50% less edges than the
unfused versions.

S

Fig. 34. Normalized number of edge operations in Gemini framework
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6.5 Streaming Evaluation

In this section we present the evaluation of dynamic graphs with edge mutations. Fig. 35 shows the
normalized execution time of the handwritten implementation in KickStarter framework [3] with
respect to the synthesized code for the same framework on the Grars for SSSP and CC use-cases.
We also report the absolute execution times in Table 3. The experiments show that GRAFs can
effectively synthesize streaming use-cases that run on dynamic graphs and match the performance
of the handwritten implementations in the KickStarter framework.

. 1k 10k 100k ; 1k 10k 100k
g 120 : : g 120 : :
> ' ' >
sa] ' : <2} ' :
« 110 ; ; = 110 ; ;
o 100 | | i3 100 | |
= ' : N oo : ;
T g | | S § | |
E+S 9 ! 3 E%5 90 ! 3
: s s LI : 18 I
Z 80 Z 80

(a) SSSP (b) CC

Fig. 35. Normalized execution time of the handwritten implementation in KickStarter framework with respect
to the synthesized version in the GrAFs for a) SSSP and b) CC use-cases on dynamic input graphs with 1k,
10k and 100k edge mutations.

. LJ ™ ™ FR
# Edge Mutations | Use-case i S I S o S i S
1k 0.0056 | 0.0054 | 0.0186 | 0.016 | 0.0182 | 0.0179 | 0.0311 | 0.031
10k SSSP 0.0095 | 0.0093 | 0.0223 | 0.0229 | 0.0270 | 0.0265 | 0.0401 | 0.0383
100k 0.0253 | 0.0263 | 0.032 | 0.0312 | 0.036 | 0.0339 | 0.0716 | 0.0792
1k 0.004 | 0.0036 | 0.0123 | 0.0123 | 0.0148 | 0.0174 | 0.0216 | 0.0229
10k CcC 0.006 0.006 | 0.0185 | 0.018 | 0.0224 | 0.0228 | 0.0348 | 0.0387
100k 0.0156 | 0.0166 | 0.0244 | 0.0258 | 0.0282 | 0.0338 | 0.0493 | 0.0549

Table 3. Execution times in seconds of the synthesized and handwritten implementations. (H: Handwritten, S:
Synthesized)
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PAGERANK (PR)
I = lv 1/|V]
P = An,e. n/outdeg(src(e))
R = A,o'. v+0
E = An.yxn + (1-y)/|V|
B = Ane. —&1(n)/outdeg(src(e))

Fig. 36. Optimized PageRank Use-case using Def. 7. &1 (n) denotes the inverse of the & function. Note that
the back propagation (8) is calculated starting from the second iteration.
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