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1 Histories

Strings. We use |s| to denote the size of the string s. If s; and sg are strings, we write s; € s iff 51 is a
subsequence of sy. For example, bd € abcde. Let s be an isogram (i.e. contains no repeating occurrence of
the alphabet.) For any s1,s2 € s, we write s <5 s2 iff the last element of s; occurs before the first element
of s9 in s. For example, ab <gpeqe de. We use s(i) to denote the ith element of s.

Method calls and events. Let O denote the set of objects, n denote the set of method names, Trans
denote the set of transactions, V' denote the set of values and Label denote the set of labels. We use [, R
and W as labels. The set of invocation events is Inv = {inv(l> o.np(v)) | | € Label,o € O,n € N,T €
Trans,v € V}. The set of response events is Res = {ret(I> v) | | € Label,v € V U {A,C}}. (A and C
are used later to denote abortion and commitment of transactions.) The set of events is Ev = Inv U Res.
We will use the term completed method call to denote a sequence of an invocation event followed by the
matching response event (with the same label). We use [ > o.np(v):v to denote the completed method call
inv(l> o.ng(v)) - ret(l> v).

Operations on event sequences. Let E and E’ be event sequences. We use F - E’ to denote the
concatenation of E and E’. For a transaction T, we use F|T to denote the subsequence of all events of T
in E. For an object o, we use E|o to denote the subsequence of all events of o in E. Let Sequential be
the set of sequences of completed method calls possibly followed by an invocation event. A transaction T
is sequential in a sequence of events F if FE|T is sequential. Execution history. An execution history is a
sequence of events where each invocation event has a unique label and every transaction is sequential. Let
History denote the set of execution histories. We say label [ is in X and write [ € X if there is an invocation
event with label [ in X. Let Labels(X) denote the set of labels in X. Let Trans(X) denote the set of
transactions in X. As the labels are unique in a history, the following functions on Labels(X) are defined.
The functions objx, namex, transx, arglx, arg2x, retvx map labels to the receiving object, the method
name, the transaction identifier, the first and the second argument, and the return value associated with the
labels. Similary, i Ev and rEv functions on Labels(X ) map labels to the invocation and the response events
associated with the labels.

A history X is equivalent to a history X', X = X', if one is a permutation of the other one that is only
the events are reordered but the components of the events (including the argument and return values) are
preserved.

Real-time relations. For an execution history X, we define the real-time relations <x, <x, ~x, 3x
on Labels(X) as follows: First, Iy <x lo iff rEv(l1) <x iEv(l2). I3 2x lo iff [; <x lo V [ = ls. Second,
Iy mx loiff I3 Ax lo A lo Ax I3, Third, I3 jX lhiff l1 <x1los V l1 ~x la.

From the definition of Sequential we have that X € Sequential iff VI,I' € X:1 <x U' v I' <x .
For an execution history X, we define the real-time relations < x and <x as follows. First, T" < x 1" iff
X|T<x X|T'. Second, T Xx T'if T <xT' v T=T.

We now define shared memory and transaction histories.

Transactional Memory. The transactional memory is a singleton object mem that encapsulates a set
of locations where each location, ¢ € I, I = {1,...,m} encapsulates a value v. The object mem has five
methods init,(), read(i), writey(i,v), commit,() and abort,(). The parameter ¢ is the invoking transaction
identifier. The method call init;() initializes ¢t and returns ok. The method call read;(i) returns the value
of location ¢ or aborts ¢t and returns A. The method write,(i,v) writes v to location ¢ and returns ok or
aborts t and returns A. The method commit;() tries to commit transaction ¢. If ¢ is successfully committed,
it returns C; otherwise, it returns A. The method abort;() aborts ¢ and returns A. The object mem can be
implicit, that is read;(i) abbreviates mem.readr(i). The values ok, A, C are reserved values that are used
to denote successful completion of writes and abortion and commitment of transactions respectively.

Transaction History. A transaction history H is an execution history such that H|mem = Hpp; - H’
with the following conditions. Hj,; is the following history that initializes every location to vg. Hppir =



loi > initr, () - loo > writer, (1,v0):0k « ... + lom > writer, (m,vg):0k - lo. > commitr,:C. For every T € H’,
the history H'|T is a prefix of e.e’. The event sequence e is the initialization method call [ > initp() (for
some [), and then a sequence of reads [ > ready(i):v and writes | > writer(i,v) (for some [, i, and v). The
event sequence €’ is one of the following sequences (for some [, i, and v): (1) inv(l > readr(i)), ret(l>A),
(2) inv(l>writep(i,v)), ret(l>A), (3) inv(l > commitry()), ret(l>C), (4) inv(l > commity()), ret(l>A), or
(5) inv(l>abortr()), ret(l>A). Let T History denote the set of transaction histories. Let Trans(H) denote
the set of transactions of H. The projection of H on i, written H|i, denotes the subsequence of history H
that contains exactly the events on location i. For a TM algorithm specification 7, let H(7) denote the set
of complete transaction histories that m results.
Now, we present a set of basic lemmas about execution orders.

Lemma 1 (XASym) For every execution history X and method calls | and U, if | <x 1" then —(I' <x
DA=l~xl) A=)

Lemma 2 (XTrans) For every execution history X and method calls I, 1. and l”, if | <x U and I" < 1"
then | <x I”

Lemma 3 (XXTrans) For every execution history X and method calls 1y, la, I3, and ly, if l1 <x lo,
lo Xlg, and ls <x g then i <x Iy

Lemma 4 (XTotal) For every execution history X and method calls I and ', ifl € X, and I € X, then
(I=<xU)Vv U'=<xl) VvV (I~x1U)Vv (1=1)

Lemma 5 (X2X) For every execution history X and method calls | and I, if | <x I’ then | € X, and
I'e X.

Lemma 6 (XI2X) For every execution history X and method calls 1, ', and 1" if | <x I and inv(l') <x
inv(l") then | <x 1".

Lemma 7 (RX2X) For every execution history X and method calls 1, I, and I" if ret(l) <x ret(l") and
U <x " then | <x ",

Proof Sketches.
Lemma, [Tk
We Assume
I=<x 1
From I | and definition of ~x, we have
(I ~x 1)
From 11], we have
B) rEv(l) <x iEv(l’)
As X is a valid history, we have
M) iEv(l) <x rEv(l)
pB) iEv(l") <x rEv(l)
From [4], , and , we have
() iEv(1) <x rEv()
From [@, we have
(7) —(rEv(l') <x iEv(l))
From []f[], and definition of <x, we have



—|(l/ <x l)
From and , we have
@) - =1

Lemma [2}
Straightforward from the definition of <x.

Lemma B

We have

" ll <X 12

" l3 <x l4

B) 2 ~x1I3
From [1], we have

rBu(ly) <x iBu(ly)
From , we have

rEv(l3) <x iEv(ly)
From , we have

(I3 <x l2)

From [@], we have

(M —~(rBv(ls) <x iEv(ly))
From []Zﬂ, we have

iFv(ly) <x rEv(l3)
From , , and , we have

@ rEv(ly) <x iEv(ly)
From ﬂgﬂ, we have

I1 <x Uy

Lemma 4}
Straightforward from the definition of <x and ~x.

Lemma [t
Straightforward from the definition of <x.

Lemma
Straightforward from the definition of <x and <x.

Lemma
Straightforward from the definition of <x and <x.



2  Opacity

In this section, we present a formal definition of opacity. Opacity of a TM algorithm is defined in two steps.
First, it is defined what it means for a transaction history to be opaque which is called final-state-opacity.
Then, a TM algorithm is defined to be opaque if every transaction history of every source program running
on top of that TM algorithm is final-state-opaque.

FinalStateOpaque is defined in Figure[I] First, we present some preliminary definitions. We use T prefix
before some of the terms for transactions to avoid confusion with the terms for concurrent objects. We say
that a transaction history is transaction sequential if it is a sequence of transactions. A transaction T is
committed or aborted in a transaction history H if there is respectively a commit or abort response event for T’
in H. A completed transaction is either committed or aborted. A live transaction is a transaction that is not
completed. A transaction history is complete if all its transactions are completed. A pending transaction
has a pending event and a commit-pending transaction has a commit pending event. An extension of a
history is obtained by committing or aborting its commit-pending transactions and aborting the other live
transactions. For a TM algorithm specification 7, let H(7) denote the set of complete transaction histories
that 7 results.

If H is a transaction history and p is a predicate on transaction identifiers, we define filter(H,p) to be the
subsequence of H that contains the events of transactions T for which p(T') is true. The wvisible history for a
transaction 7" in a sequential transaction history S, Visible(S,T), is the sequence of committed transactions
before T' in S and T itself. The sequential specification of a location i, SeqSpec(i), is the set of sequential
histories of read and write method calls on location ¢ where every read returns the value given as the argument
to the latest preceding write (regardless of transaction identifiers). It is essentially the sequential specification
of a register. Transactional sequential specification is the set of complete sequential transaction histories S
that for every transaction 7" and location i, Visible(S,T)|i is a member of the sequential specification of i.
A transaction history H is final-state-opaque if there is an equivalent sequential transaction history S for an
extension of H such that S is real-time-preserving and a member of transactional sequential specification.
The sequential history S is called the justifying history. In other words, every correct concurrent execution
is indistinguishable from a correct sequential execution.



T Reads(H) =
{R|Re H A objg(R) =mem A namep(R) =read N retvy(R) # A}

TWrites(H) =

{W|WeH A objg(W) =mem A nameyg (W) = write N\ retog(W) # A}
Commits(H) =

{C|CeH A objg(C)=mem A namey(C) = commit}
Trans(H) =

{T |3l € H: transg(l) =T}
T Sequential =

{S € THistory | Xg is a total order of Trans(S)}
Committed(H) =

{T | 3l € Commits(H) N retvg(l) = C}
Aborted(H) =

{T'|3l € H: obju(l) =mem A transg(l) =T A retvg(l) = A}
Completed(H) =

Committed(H) U Aborted(H)
Live(H) =

Trans(H) \ Completed(H)
TComplete =

{H € THistory |VT € Trans(H): T € Completed(H)}
CommitPending(H) =

{T € Live(H) | 3l € H: obju(l) = mem A transg(l) =T A namey(l) = commit}
T Extension(H) =

{H' € THistory|3H": H = H - H"
Trans(H") C Trans(H) AN VT: |H"|T| < 1A
Live(H) \ CommitPending(H) C Aborted(H') A
CommitPending(H) C Completed(H')}
Visible(S,T) =
filter (S,NT'(T"=T)V (T" <5 T) NT" € Committed(S)))
NoWriteBetweeng(W, R) =
VW' e TWrites(S): W ¢ W V R <g W'
SeqSpec(i) =
{S € Sequential | VR € TReads(S): IW € TWrites(S):
W <s R N NoWriteBetweeng(W, R) N\
retvg(R) = arg2s(W)}
TSeqSpec =
{S € TSequential N TComplete | VT € S: Vi€ I:
(Visible(S,T) | i) € SeqSpec(i)}
FinalStateOpaque =
{H € THistory | 3H' € TExtension(H): 35 € TSequential :
H =SAN Xy C Xg NS e TSeqSpec}

Figure 1: FinalStateOpaque



3 Markability

In this section, we define markability for general histories.

First, we present some preliminary definitions in Figure (We use T prefix before some of the terms
for transactions to avoid confusion with similar terms that used for concurrent objects.) A transaction 7T is
committed or aborted in a transaction history H if there is respectively a commit or abort response event
for T in H. A completed transaction is either committed or aborted. A live transaction is a transaction
that is not completed. A pending transaction has a pending event and a commit-pending transaction has a
commit pending event. An extension of a history is obtained by committing or aborting its commit-pending
transactions and aborting the other live transactions.

A local read is a read that is preceded by a write by the same transaction to the same location. Intuitively,
a local read should read a value that is previously written by the same transaction and hence the name. A
global read is a read that is not local. A local write is a write that precedes a write by the same transaction
to the same location. A local write is overwritten by the same transaction and hence the name. A global
write is a write that is not local. The writers of i are the committed transactions that write to location 1.

Markability is defined in Figure 3] A marking C of a transaction history is the union of the following
relations on the set of transactions and the global reads.

e The effect order: The set of transactions is totally ordered by C. In other words, C is total, antisym-
metric and transitive on the set of transactions.

e The access orders: For each global read R from a location i, R and every writer of ¢ are ordered by
C. In other words, C totally orders every global read R from a location ¢ with respect to writers of ¢
and is antisymmetric.

The write-observation property is comprised of the two properties: local write-observation and global
write-observation. Local write-observation requires that every local read R from a location ¢ returns the
value written by the last write before it in the same transaction to i. Global write-observation requires that
the value that every global read R from a location ¢ returns is the value written by the global write of the
last pre-accessor transaction to i. We remind that pre-accessors of R are the writers of ¢ that are ordered
before R in the access order and the last pre-accessor is the one that is greatest in the effect order.

The Read-preservation property requires that for every global read R from location ¢ by transaction 7',
there is no writer transaction 7" of i such that 7" is marked between T" and R (i.e. T accesses ¢ after R and
takes effect before T'), or similarly, 7" is marked between R and T (i.e. T' takes effect after T and accesses
i before R).

The real-time-preservation property requires that if T is before T” in the real-time order, then T takes
effect before T" as well.

A transaction history is final-state-markable if and only if there exists a marking for an extension of it
that is write-observant, read-preserving, and real-time-preserving.



Committed(H)
Aborted(H)
Completed(H)
Live(H)
CommitPending(H)

T Extension(H)

T Reads(H)
TWrites(H)
LocalT' Reads(H )

GlobalT Reads(H )
LocalTWrites(H )

GlobalTWrites(H)
Writersg (i)

{T |3l € H: obju(l) =mem A transg(l) =T A retvg(l) = C}
{T |3l € H: obju(l) = mem A transg(l) =T A retvg(l) = A}
Committed(H) U Aborted(H)
Trans(H) \ Completed(H)
{T € Live(H) |3l € H: obju(l) = mem A transg(l) =T A

nameg () = commit}
{H' € THistory |3H": H = H - H"

Trans(H") C Trans(H) AN NYT: |H"|T| < 1A

Live(H) \ CommitPending(H) C Aborted(H') A

CommitPending(H) C Completed(H')}
{R|Re€ H A obju(R) =mem A nameg(R) =read N retvg(R) # A}
{W|WeH A objg(W) =mem A nameg(W) = write A\ retog(W) # A}
{R| R € TReads(H) N IW € TWrites(H):

transg(R) = transg(W) A arglyg(R) = arglg(W) A W <y R}
TReads(H) \ LocalT Reads(H)
{W | W e TWrites(H) AN IW' € TWrites(H):

transg (W) = transg(W') A argly(W) = arglyg(W') A W <g W'}
TWrites(H) \ LocalTWrites(H)
{T € Trans(H) | 3l € TWrites(H): argly(l) =1i A
transg(l) =T N T € Committed(H)}

Figure 2: Basic Definitions



Marking(H) = {C |
VT'1,72,T3 € Trans(H):
(T1CT2 Vv T2CT1) A
(TICT2 A T2CT1) = (T1=T2) A
(TICT2) A (T2CT3) = (TLC T3) A
VR,T: Let i = arglg(R): (R € GlobalT Read(H) N T € Writersg(i)) =
(RCT V TCR) A
(RCT=-TCR) A (TCR=-~RCT)}
NoWriteBetweeng (W, R) <
VW' e TWrites(H): W <g W V R<g W’
LocalWriteObs(H ) <
VR € LocalT Reads(H): Let T = transy(R),i = argly(R),H = H|T|i:
IW € TWrites(H'): W <y R N NoWriteBetweeng (W, R) A retvg/ (R) = arg2py (W)
NoWriter Betweeny ;(z,C, z') <
VT € Writersy(i): TCx V 2/ CT
LastPreAccessorg(T', R) < Let i = arglpy(R),T = transy(R):
T' € Writersg(i) N T"#T N T'C R N NoWriter Betweenp ;(T',C, R)
GlobalWriteObs(H,C) <
VR € GlobalT Reads(H): 3W € GlobalTWrites(H): Let T' = transpy(W):
LastPreAccessorgc(T',R) N argly(R) = arglg(W) A retvg(R) = arg2y(W)
WriteObs(H,C) <
LocalWriteObs(H) N GlobalWriteObs(H,C)
ReadPres(H,C) <
VR € GlobalT Reads(H): Let i = argly(R), T = transy(R):
NoWriter Betweenp ;(R,C,T) N NoWriter Betweeny ;(T,C, R)
RealTimePres(H,C) <
=g L
FinalStateMarkable = {H € THistory | 3H' € T Extension(H): 3 C € Marking(H'):
ReadPres(H',C) N WriteObs(H',C) A RealTimePres(H',C)}

Figure 3: FinalState Markable



4 Marking Theorem

In this section, we prove the marking theorem.
For the sake of brevity, we use the shorthand notation
Al =onp(v1)ve € X
for
e X:objx(l) =0 N namex(l) =n A transx(l) =T A arglx(l) =v1 A retox(l) = vy
and similarly for universal quantification.
We also use W, R to denote labels.

Lemma 8 For all S € TSequential, T € S, 8" = Visible(S,T), and T',T" € S’, we have T' Xg T" <~
T <5 T".

Proof.

T X5 T"

S/|T/ g’ S,|T” v T =T1"
S|T’ g’ S|T” v T =T"
SIT' <5 SIT" v T' = T"
T <« T

1ot

In these four steps we apply:

1) the definition of g,

2) that the definition of Visible(S,T) implies both S'|T" = S|T" and S’|T" = S|T”,

3) S’ €S, and

4) the definition of <g. O

10



Lemma 9 For all S € TSequential, T € S, i € I, v,v' € V, R = readyr(i)v € GlobalReads(S), S" =
Visible(S,T), T € S’, and W' = writer: (i,v") € GlobalWrites(S), we have

Proof.

rreereny

!

[

NoWriteBetween(S/m(W/, R) <= NoWriterBetweeng;(T', Xs,T)

NoWrite Betweeng/j;y (W', R)
VI € Writes(S'|i): W =< (g W'V R =1y W
vTI" e S'i: Vil € I: V" e ViYW = writers (i’ ,0") € §'i: W” =(5}4) W'V R =(s) w”
vT" e S'|i: W' € ViYW = writeqn (i, ") € S'|i: W =(s'9) W'V R 2(s') w”
vT" € §': " € Vi VW = writepn(i,v") € 8" W' <¢ W' VR g W"
vT" € §': " € ViYW = writepn(i,0v") € S: T KXo T'VT Ko T"
vI" e 8w e VYW = writeTu(i,v" eSS T KXsT'VT <X T"
VT € 8" " € ViYW = writepn(i,0") € §": T" <5 T = T" <g T'
VI" € S:W" € Vi VW = writers(i,0") € S:
[(T"=T)V(T" <s T ANT" € Committed(S))| A [T" <s T|| = T" XsT"
VI" € S: W' e Vi VW = writers(i,0") € S:
(T" € Committed(S)N T" <5 T) = T" < T"
VT € Writerss(i): T" <s T = T" K5 T’
VT" € Writerss(i): T" KXs T'VT Ks T"
NoWriter Betweeng ;(T', %5, T)

~— — ~— —

In these twelve steps, we apply:

1) the definition of NoWrite Between,

2) the definition of Writes,

3) the definition of projection 5’|,

4) R, W' and W" access location i,

5) S' € TSequential and R € GlobalReads(S’) and W' € GlobalWrites(S’) (that are concluded from
S € T'Sequential, R € GlobalReads(S), W' € GlobalWrites(S) and S' = Visible(S,T).),

6) Lemma

7) Boolean logic and that g is total,

8) the definition of Visible,

9) logical simplification,

10) the definition of Writers,

11) Boolean logic and that =g is total, and

12) the definition of NoWriter Between. O

11



Lemma 10 T Sequential C Sequential
Proof. Straightforward from definitions of T'Sequential, T History and Sequential. O

Lemma 11 Vi € I: Vv, o' € V: VI,T' € Trans: if R = readr(i)w, W = writep/(i,v), W' =
writer(i,v'), S € TSequential, W <g R, NoWriteBetweeng(W, R) and W' <g R, then T =T".

Proof. Suppose (1) S € T'Sequential, (2) W <g R, (3) NoWriteBetweeng(W, R) and (4) W' <g R. From
[1] and Lemma we have (5) S € Sequential. From [4] and [5], we have (6) (R <g W'). From [3] we
have (7) W/ <g¢ WV R <g W'. From [6] and [7], we have (8) W/ <g W. From [2] and [8], we have (9)
W' <¢ W <g R. From [9], [1], and that W’ and R are by T" and W is by 7", we have T =T". O

12



Lemma 12 Suppose S € T Sequential. We have:

VT € S:Viel:YveV:VR=readp(i):v € Local Reads(S):
IT" € Visible(S,T): IW = writer:(i,v) € Visible(S,T):
W <wisivle(s,T) | ) & N NoWriteBetweenvigipie(s,r) | i) (Ws RR)
<= S € LocalT SeqSpec

Proof. Suppose S € T'Sequential. Thus, from Lemma we have S € Sequential. Let S = Visible(S,T).
From S € T'Sequential and Lemma |8, we have S’ € T'Sequential. Thus, from Lemma we have S €
Sequential. From the definition of Visible, we have S'|T = S|T.

VT € S:Viel:YveV:VR=readr(i)w € Local Reads(S):
Ir’ e 8" AW = writer (i,v) € S":
W <(s | iy R A NoWriteBetween(gsr | (W, R)
< VI'eS:Viel:YveV:VR=readp(i):w € Local Reads(S):
' e V:IW' =writer(i,v’) € S: W <s R A
T’ € S AW = writer:(i,v) € S
W <9 B A NoWriteBetween(gr | (W, R)
< VI'eS:Viel:VYveV:VR=readr(i)w € Local Reads(S):
F' € V: AW = writer(i,v') € S W <¢ R A
T’ e §': AW = writer/ (i,v) € S”:
W <(s | iy R A NoWriteBetween g | (W, R)
< VI'eS:Viel:YveV:VR=readr(i)w € Local Reads(S):
' e V:IW' = writer(i,v’) € S W <g R A
T’ € 8" AW = writer (i,v) € S":
W < i) B A NoWriteBetween(g | (W, R)
— VI'eS:Viel:YveV:VR=readr(i)w € Local Reads(S):
' e V: IW' = writep(i,v) € S W <@g |y R A
3T’ € §': IW = writer:(i,v) € S
W < i B A NoWriteBetween(gr | (W, R)
< VI'eS:Viel:VYveV:VR=readr(i)w € Local Reads(S):
' e V: IW' = writer(i,v) € 8 W <(g |y R A
AW = writer(i,v) € S":
W < | iy R A NoWriteBetween(gr | (W, R)
— VI'eS:Viel:YveV:VR=readr(i)w € Local Reads(S):
AW = writer(i,v) € S
W < i) B A NoWriteBetween g | 1y(W, R)
— VI'eS:Viel:YveV:VR=readr(i)w € Local Reads(S):
IW = writer(i,v) € S:
W <59 B AN NoWriteBetween g | (W, R)

13



< VI'eS:Viel:YveV:VR=readr(i):w € Local Reads(S):
W = writer(i,v) € S:
W <5 R A NoWriteBetween(gs: | (W, R)
< VI'eS:Viel:YveV:VR=readp(i):w € Local Reads(S):
AW = writer(i,v) € S:
W <s R N NoWriteBetweeng | (W, R)
< VI'eS:Viel:YveV:VR=readr(i):w € Local Reads(S):
W = writer(i,v) € S:
W <s R N VYW' € Writes(S" | i): W <(sr | sy WV R <5 | oy W
& VI'eS:Viel:VveV:VR=readr(i):w € Local Reads(S):
W = writer(i,v) € S:
W =g R A ~3W' € Writes(S' | i): ~(W' <(g | o W) A (R =g | o W)
— VI'eS:Viel:YveV:VR=readr(i):w € Local Reads(S):
W = writer(i,v) € S:
W <g R A -IW' € Wm'tes(S’ |i): W =8 | 4) w’ NCAD) R
— VI'eS:Viel:YveV:VR=readr(i):w € Local Reads(S):
AW = writer(i,v) € S:
W<sgR A - ecV:IW = writeT(i,v/): W <5 ) w’ S CADRL
< VI'eS:Viel:VYveV:VR=readr(i):w € Local Reads(S):
W = writer(i,v) € S:
W <sR A - eV :3IW =writer(i,v'): W <s |9 W <4 R
< VI'eS:Viel:YveV:VR=readr(i):w € Local Reads(S):
AW = writer(i,v) € S:
W <s R A -3W' e Writes(S [ i): W <5 | sy W <(s |4 R
— VI'eS:Viel:YveV:VR=readr(i):w € Local Reads(S):
W = writer(i,v) € S:
W <s R N VW' € Writes(S | i): =~(W NCED) W v =W’ =(S | 4) R)
— VI'eS:Viel:YveV:VR=readr(i):w € Local Reads(S):
W = writer(i,v) € S: W <g R A
VW' e Writes(S | i): W Z(s 1 g W V R<g |9 W
< VI'eS:Viel:VveV:VR=readr(i):w € Local Reads(S):
IW = writer(i,v) € S|T|i: W <gip; R A
VW' € Writes(S|T|i): W' < WV R =g W'
— VI'eS:Viel:YveV:VR=readr(i):w € Local Reads(S):
AW = writer(i,v) € S|T|i:
W <7 B A NoWrite Between g (W, R)
<= S €& LocalT SeqSpec

In these twenty steps, we apply: 1) the definition of Local Reads,
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2) the definition of Visible,

3) S'|T = S|T and that both W’ and R are by T,
4) that both W' and R are on 1,

5) Lemma

6) duplicate conjunctlon

7) the definition of Visible,

8) that both R and W are on i,

9) S’|T = S|T and that both R and W are by T
10) the definition of NoWriteBetween,

11) first-order logic,

12) (8" | i) € Sequential,

13) from (S’ | i) € T'Sequential, R and W are by transaction 7" and W' is between them, we have W' is by
T,

14) S"\T = S|T,

15) from (S | i) € T'Sequential, R and W are by transaction 7" and W' is between them, we have W’ is by
T.

16) first-order logic,

17) (S| i) € Sequential,

18) (S | i) € Sequential, transg(R) = transg(W) =T and argly(R) = arglg(W) =i,

19) the definition of NoWriteBetween,

)t

20) the definition of LocalT SeqSpec.
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Lemma 13 Suppose S € TSequential N TComplete. We have:

S € T'SeqSpec
<= S € LocalTSeqSpec N
VI'e S:Viel:YveV:VR=readr(i)v € Global Reads(S):
IT" € Committed(S): IW = writer:(i,v) € GlobalWrites(S):
(T" <s T) N NoWriter Betweeng;(T', %, T)

Proof. Suppose S € TSequential N TComplete. From S € TSequential and Lemma we have
Visible(S,T') € T'Sequential.

S € T'SeqSpec
VI'e S:Viel: (Visible(S,T) | i) € SeqSpec(i)
VI'eS:Viel:
VT" € (Visible(S,T) | i): Vv € V: VR = readyn(i):w € (Visible(S,T) | i):
T’ € (Visible(S,T) | i): AW = writep: (i,v) € (Visible(S,T) | ):
W <wisible(s.1) | iy B N NoWriteBetween(visie(s,r) | i)(W; 1)
— VI'eS:Viel:
VT" € Visible(S,T): Vv € V: VR = readg(i):w € Visible(S,T):
AT’ € Visible(S,T): AW = writer:(i,v) € Visible(S,T):
W <wisible(s.1) | iy 8 N NoWriteBetween(visipie(s,r) | i) (W 1)
< VI'eS:Viel:YveV:VR=readr(i)ves:
3T’ € Visible(S,T): IW = writer: (i,v) € Visible(S,T):
W <wisible(s.T) | iy 8 N NoWriteBetween(visiie(s,t) | i) (W R)
< VI'eS:Viel:YveV:VR=readr(i):w € Local Reads(S):
1" € Visible(S,T): IW = writeq: (i,v) € Visible(S,T):
W <wisible(s.1) | iy B N NoWriteBetween(visie(s,r) | i)(W; 1)

—
—

A
VI'e€S:Viel:VYveV:VR=readr(i):w € GlobalReads(S):
3T’ € Visible(S,T): IW = writer:(i,v) € Visible(S,T):
W <wvisibte(s,) | iy B N NoWriteBetween v isie(s,r) | iy(W, R)
< S € LocalT SeqSpec N
VI'e€eS:Viel:YveV:VR=readr(i):w € GlobalReads(S):
3T’ € Visible(S,T): IW = write: (i,v) € Visible(S,T):
W <wisible(s.T) | iy 8 N NoWriteBetween(visipie(s,r) | i) (W RR)
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<= S € LocalTSeqSpec N
VI'€S:Viel:YveV:VR=readr(i)w € Global Reads(S):
AT € Visible(S,T): IW = writer(i,v) € Visible(S,T):
W <visivie(s.r) & N NoWriteBetween(visiie(s,r) | i) (W RR)
< S € LocalT SeqSpec N
VI'e S: Vz €1:Yv e V:VR =readr(i)v € Global Reads(S):
3T’ € Visible(S,T): IW = writeq: (i,v) € Visible(S,T):
T" <visibiesry T A NoWrite Between visinie(s,r) | i)(W R)
<= S € LocalT SeqSpec N
VT e S: Vz €I:VYv e V:VR =readr(i):w € Global Reads(S):
"€ Visible(S,T): IW = writeq: (i,v) € Visible(S,T):
T’ <s T N NoWriteBetween(visiie(s,r) | i) (W R)
<= S € LocalTSeqSpec N
VI'€S:Viel:YveV:VR=readr(i):w € GlobalReads(S):
T’ € Visible(S,T): AW = writer (i,v) € GlobalWrites(S):
T' <5 T N NoWriteBetween vspie(s,) | iy(W, R)
<= S € LocalT SeqSpec A
VI e S: Vz €l:Yv e V:VR =readr(i)v € Global Reads(S):
3T’ € Visible(S,T): IW = writeq: (i,v) € GlobalWrites(S):
T' «sT AN NoWriter Betweeng;(T', Xgs,T)
<= S € LocalTSeqSpec N
VT e€S: Vz €I:Yv e V:VR =readr(i)w € Global Reads(S):
"€ Visible(S,T): IW = writer: (i,v) € GlobalWrites(S):
(T' ~«sT) N T' € Committed(S) N NoWriter Betweeng,;(T', %Xgs,T)
<= S € LocalTSeqSpec N
VI € S:Viel:YveV:VR=readp(i):wv € Global Reads(S):
31" € Committed(S): IW = writer: (i,v) € GlobalWrites(S):
(T' <5 T) N NoWriter Betweeng ;(T', %, T)

In these thirteen steps, we apply:
1) the definition of T'SeqSpec and S € T Sequential N TComplete,
2) the definition of SeqSpec(i),
3) R and W access location 1,
4) that we can choose T" =T,
5) Reads(S ) Local Reads(S) U Global Reads(S),
6) Lemma
7) that R and W are both on location ¢
8) that R and W are by transactions T and T’ respectively, Visible(S,T) € TSequential, and R €
GlobalReads( Visible(S,T)) (because R € GlobalReads(R) and Visible(S,T)|T = S|T),
9) Lemma
10) 7" <5 T and NoWriteBetween visiie(s,r) | i)(W; R),
11) Lemma [9)
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12) T" € Visible(S,T) and (T" <g T), and
13) the definition of Visible(S,T).
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Lemma 14 (Invariance) If H = H', then Marking(H) = Marking(H') and ReadPres(H) = ReadPres(H')
and WriteObs(H) = WriteObs(H').

Proof. Immediate from the definitions of Marking, ReadPres, and WriteObs. O
Lemma 15 VH € THistory: ¥V C € Marking(H): 3S € TSequential: H=5S N Xg C <Xg N KXgCL.

Proof. Let H € THistory and let T € Marking(H). We have that C is a total order of Trans
so we can choose a permutation 7 on 1.n such that Vi,j € 1.n: (i < j) & (Tru) T Tr(;)). Define:
S = H|Trqy,- -, H|Trn). Tt is straightforward to prove that S € TSequential N H=S N Xy C Xg
N =g C L. O

Lemma 16 Suppose C € Marking(H) N py & Writersg(i).
If NoWriter Betweeng (11, C, p2) and NoWriter Betweenp ;(p2, C, T3),
then NoWriter Betweeny ;(Th,C,T3).

Proof.

NoWriter Betweenp ;(Th,C,p2) N NoWriter Betweenp ;(p2, &, T3)
VT € Writersg(i): (TCETh V pe CTT) AN (TEpy VI3CET)
VT € Writersg(i): (TCTy A (TEpe VI3CT)) V

(pCT ANTCp) V (pCT ANT5CT)
= VT € Writersg(i): (TCTy) vV (T3C1T)
<= NoWriterBetweenp ;(11,C,T5)

<~
<~

The first step uses the definition of NoWriter Between. The second step uses A distribution over V. The
third step simplifies the first disjunct using conjunction elimination, eliminates the second disjunct using
p2 & Writersy (i) and simplifies the third disjunct using conjunction elimination. The fourth step uses the
definition of NoWriter Between. O
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Lemma 17 Suppose S € T Sequential N TComplete. We have:
S € TSeqSpec <= S € FinalStateMarkable (4.1)

Proof. Let S € TSequential N TComplete. From Lemma [13] the definition of FinalStateMarkable, and
S € TComplete, we have that we must prove:

S € LocalT SeqSpec A

VT € S:Viel:YveV:VR=readp(i):v € Global Reads(S):

AT € Committed(S): AW = writer: (i,v) € GlobalWrites(S):

(T" <sT) N NoWriter Betweeng;(T', Xg,T)
<= dLC € Marking(S): <s CC A C € ReadPres(S) N T € WriteObs(S)
From the definition of WriteObs and LastPreAccessor we have that:

C € WriteObs(S5)
<= S & LocalT SeqSpec N
VI e Trans: Vi€ I:Yv e V:VR = readr(i)wv € Global Reads(S5):
3T’ € Trans: AW = writer/ (i,v) € GlobalWrites(S):
T € Writersg(i) N T'"#T N T'C R A NoWriter Betweeng;(T',C, R)
<= S € LocalTSeqSpec N
VT € Trans: Vi€ I:Yv € V:VR = readr(i):v € Global Reads(S):
T’ € Trans: AW = writer (i,v) € GlobalWrites(S):
T' € Committed(S) N T"#T N T'C R A NoWriter Betweeng;(T',C, R)
We are now ready to prove the two directions of the equivalence.
=:
Assume that
S € LocalT SeqSpec A
VI'eS:Viel:YveV:VR=readr(i):w € GlobalReads(S):
3T’ € Committed(S): AW = writer(i,v) € GlobalWrites(S):
(T" <5 T) N NoWriter Betweeng;(T', %5, T)
Define:

pEp <= (p<sp2) V
(transs(p1) Xs p2) V
(p1 X5 transs(pz))
prEp = p1C Vpapr =p2
We show that
C € Marking(S) A
<5 CC A C € ReadPres(S) A
S € LocalT SeqSpec N
VT € Trans: Vi€ I:Yv € V: VR = readr(i):v € Global Reads(S):
T’ € Trans: IW = writer/(i,v) € GlobalWrites(S):
T' € Committed(S) AN T'#T AN T'C R A NoWriter Betweengs;(T',C, R)
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It is straightforward to prove C € Marking(S) and <g C C, C € ReadPres(S). Additionally, the first
conjunct of WriteObs(S) (that is, S € LocalT SeqSpec) is immediate from the assumption. So, we still need
to prove the second conjunct of WriteObs(S).

Let T € Trans, i € I, v € V, R = readr(i):v € GlobalReads(S). From the assumption (the left-hand
side), we have that we can find (1) 77 € Committed(S) and (2) W = writer:(i,v) € GlobalWrites(S)
such that (3) (I" <s T) and (4) NoWriter Betweeng;(T',<g,T). Let us now prove each conjunct of
T'#+T NT'C R AN NoWriterBetweeng;(T",C, R) in turn.

From [3] and that g is a total order of Trans(S), we have (5) 77 # T. From [3] and the definition
of C, we have 7' C R. From [4] and <g C C, we have (6) NoWriter Betweeng;(T',C,T). From T <g T
and the definition of C, we have (7) R C T. From [6], [7] and the definition of C and transitivity of <g, we
have NoWriter Betweengs;(T',C, R).

<~

Assume the right-hand side and choose C € Marking(S) such that:

<s CC A L € ReadPres(S) A

S € TLocalSeqSpec N

VI € Trans: Vi€ I:Yv e V:VR = readr(i):v € Global Reads(S):

T’ € Committed(S): 3 W = writer(i,v) € GlobalWrites(S):
T'#T N T'C R A NoWriter Betweeng,;(T',C, R)

We show that

S € LocalT SeqSpec A

VI'e S:Viel:VveV:VR=readr(i):w € Global Reads(S):

3T’ € Committed(S): AW = writer(i,v) € GlobalWrites(S):
(T" <s T) N NoWriter Betweeng;(T', %, T)

The first conjunct (of the left-hand side), S € LocalT SeqSpec, is immediate from the assumption. From the
assumption we have (1) Xg C C, (2) C € ReadPres(S). Let T € Trans,i € I, v € V, R = readrp(i):w €
Global Reads(S). From the above property of T, we have that we can find (3) 77 € Committed(S) and (4)
W = writer:(i,v) € GlobalWrites(S) such that (5) T” # T and (6) 7" C R and (7) NoWriter Betweeng ;(T', C
,R). From [1], that C is a total order on Trans(S) (E € Marking(S)), and that =g is a total order on
Trans(S) (S € TSequential), we have (8) VI, T € Trans: T'C T =T KXsT.

First we prove 7" «<g T. From [2] ,we have (9) NoWriter Betweeng;(T,C, R). From [3] and [4], we
have (10) T" € Writerss(i). From [9] and [10], we have (11) 7/ C T v RLC T'. From [6], 7’ # R and LC is
a total order on {R} U Writersg(i) (C € Marking(S)), we have (12) R [Z T'. From [11] and [12], we have
(13) 7" C T. From [8] and [13], we have (14) 77 g T. From [14] and [5], we have T" g T

Second, we prove NoWriter Betweens ;(T', <g,T). From [2], we have (15) NoWriter Betweeng ;(R,C
,T). From R ¢ Writersg(i), [7], [15], and Lemma [16] we have (16) NoWriter Betweeng;(T",C,T). From
[16] and [8] we have NoWriter Betweeng;(T', <g,T). O
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Theorem 18 (Marking) FinalStateOpaque = FinalStateMarkable.
Proof.

FinalStateOpaque
= {H € THistory | 3H' € TExtension(H): 3S € T Sequential :
H =8N Xg C X5 AS € TSeqSpec}
= {H € THistory | 3H' € TExtension(H): 3S € T Sequential::
H =8N X C X5 AS € FinalStateMarkable}
= {H € THistory | 3H' € TExtension(H): 3S € TSequential: H =S N X C Xg A
dC € Marking(S): <s CLC A C € ReadPres(S)N WriteObs(S)}
= {H € THistory | 3H' € TExtension(H): 3S € TSequential: H =S AN Xy C X5 A
JC € Marking(H'): X5 CLC A C € ReadPres(H') N WriteObs(H')}
= {H € THistory | 3H' € TExtension(H): 3C € Marking(H'):
C € ReadPres(H") N WriteObs(H') A
35 € TSequential: H = SN X € Kg A X5 CC }
= {H € THistory | 3H' € TExtension(H): 3C € Marking(H'):
<y CC A C € ReadPres(H") N WriteObs(H') A
35 € TSequential: H = SN Xy C Kg A X5 CLC }
= {H € THistory | 3H' € TExtension(H): 3 C € Marking(H'):
<g CC A C € ReadPres(H') N WriteObs(H')}
= Markable

In these eight steps we apply:
1) the definition of FinalStateOpaque,
2) Lemma[17 and S € TComplete (because H' € T Extension(H) and H' = S),
3) the deﬁmtlon of FinalStateMarkable and S € TComplete,
4) Lemma
5) logical rearrangement
6) transitivity of C,
7) Lemma[15] and
)

8) the definition of FinalStateM arkable.
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5 Synchronization Object Types

In this subsection, we first define the semantics of basic and linearizable objects. Then, we define the
interface and the sequential specifications of the following abstract object types: register, lock, try-lock,
counter, set and map. For each abstract object type, we define concrete synchronization object types. We
define the following synchronization object types: basic register, atomic register, atomic cas register, lock,
try-lock, strong counter, basic set and basic map. For each synchronization object type, we present lemmas
that characterize the properties of its execution histories. Please see the end of this section for notes on the
proof of the lemmas that we present in this subsectionT]

Basic and Linearizable Object Types
The abstract type of each object o specifies the sequential specification of o, denoted by SeqSpec(o), that is
the prefix-closed set of correct sequential histories of 0. In the following subsections, we will consider several
synchronization object types and define their sequential specifications.

We consider two concurrent types: basic and linearizable. Linearizable objects comply with their se-
quential specification in every concurrent execution. Basic objects, on the other hand, comply with their
sequential specification if they are accessed sequentially.

Definition 1 (Basic Object Semantics) FEuvery sequential execution on a basic object is an execution in
its sequential specification. The semantics of a basic object o, Hp(0), is a set of histories that is constrained
as follows:

Hpg (o) N Sequential C SeqSpec(o) (5.1)

Definition 2 (Linearizable Object Semantics) An execution history X is linearizable for an object o
iff there is an indistinguishable sequential history L that is in the sequential specification of o and is real-
time-preserving. L is a linearization and <y, is a linearization order of X. The semantics of a linearizable
object o, Hy (0), is defined as the following set of execution and linearization pairs.

Hr(o) ={(X,L)| X =L A L € SeqSpec(o) N <x C <r} (5.2)

Lemma 19 (X2L) For every linearization L of an execution history X on object o and method calls | and
U, ifl <x U thenl < 1.

Lemma 20 (LASym) For every linearization L of an execution history X on object o and method calls |
and U, if | <p 1" then =(I" <p 1) A =(l=1)

Lemma 21 (LTrans) For every linearization L of an execution history X on object o and method calls I,
U, andl”, if L <p U and " <p 1" then 1 < 1".

Lemma 22 (LTotal) For every linearization L of an execution history X on object o and method calls |
and ', ifle X andl' € X then (I < U') v (' <p 1) v (I=1)

Lemma 23 (L2X) For every linearization L of an execution history X on object o and method calls | and
U,if I <pl') thenle X, ' e X, andl and l' are both on o.

Lemma 24 (XLTrans) For every linearization L of an execution history X on object o and method calls
li, la, I3, and ly, if lh <x 2, lo <1 I3, I3 <x l4, then Iy <x ls

! In this subsection, we use V and 3 as a notational convenience. VI: p can be rewritten as /\(leLabels(X)) p(X) and 3l: p can
be rewritten as \/ ¢ p qpers(x)) P(X)-
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Register

Register. A register reg is an object that encapsulates a value and supports read and write methods.
The method call reg.read() returns the current encapsulated value of reg. The method call reg.write(v)
overwrites the encapsulated value of reg with v.

Definition 3 The sequential specification of register reg is the set of sequential histories of read and write
method calls on reg where every read returns the argument of the latest preceding write (regardless of thread
identifiers). (Note that it is assumed that a write method call initializes the register before other methods
are invoked.) The sequential specification of a register r, SeqSpec(r), is defined as follows:

isXReadx,(lr) = lr€ X A objx(lr) =1 A namex(lgr) = read (5.3)
isXWritex(lw) = lweX A objx(lw)=1r N namex(lw) = write (5.4)
NoWriteBetweenx ,(lw,lr) = Vi :isXWritex,(ly) = (ly <x lw V lr <x lyy) (5.5)
isXWriterx ,(lw,lr) = isXWritex,(lw) A (5.6)
lw <x Ilgp N
NoWriteBetweenx »(lw, IRr)
Legal(r) = {S|Vig:isXReads,(lr) = (5.7)
Al : isXWriters,(lw,lr) N
retvg(lr) = argls(lw)}
SeqSpec(r) = {S|S|r=85 A S € Sequential N Legal(r)} (5.8)

Basic Register. A basic register is a basic instance of the register type.
Let BasicRegister denote the type of basic registers.

Lemma 25 In every sequential execution on a basic register, every read reads the value that the latest
preceding write writes. Formally,

Vreg € BasicRegister: VX € Hp(reg): X € Sequential = (5.9)
Vig: isX Readx req(lR) =
Alw = isXWriterx reg(lw,lr) A

retux(lg) = arglx (ly)

Two concurrent read method calls on a register do not conflict. Thus, basic registers can maintain
consistency even when the execution involves concurrent read method calls. Let us define

isXRaceFreex (1) = Vly:isXWritex,(lw) =l x 1 V I <x ly (5.10)
isX SequentiallyWritten,(X) = VIe X:isXWritex,(l) = isRaceFreex ,(l) (5.11)

A method call is race-free if an only if there is no write method call that executes concurrent to it.
An execution is sequentially-written if and only if every pair of write method calls on it are ordered in the
execution order or in other words, every write method call on it is race-free.

Definition 4 (Basic Register Semantics) An execution history on a basic register is in the semantics of
the basic register if and only if it is not sequentially-written or it is sequentially-written and every race-free
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read reads the value that the latest preceding write writes. The semantics of a basic register r, Hp(r), is
defined as follows.

Hp(r) = {X|Xlo=X A (5.12)
isX SequentiallyWritten,(X) =
Vi, : isX Readx () N isXRaceFreex,(l,) =
Ny isXWriterx ,(ly, 1) A
retux(ly) = arglx(ly) }

Note that if an execution is not sequentially-written, reads may return arbitrary values. Similarly, racy
reads may return arbitrary values.
Note that this definition satisfies the constraint of Definition [I1

Lemma 26 (BReg) In every sequentially-written execution on a basic register, every race-free read reads
the value that the latest preceding write writes. Formally,

Vreg € BasicRegister: VX € Hp(reg): isX SequentiallyWritten,(X) = (5.13)
Vig: isXReadx reg(lg) A isXRaceFreex,(lg) =
dlyy : iSXW?“it'e?“X,reg(lw, lR) A
retux(lr) = arglx(lw)
Atomic Register. An atomic register is a linearizable instance of the register type.

Let AtomicRegister denote the type of atomic registers.
Let us define

LNoWriteBetweenx. 1 ,(lw,lg) = Viy:isXWritex,(ly) = (i <clw V lg <z ly) (5.14)
isLWriterx r,(lw,lgr) = isXWritex,(lw) A (5.15)
lw <p lp N

LNoWriteBetweenx r,r(lw,lr)

Lemma 27 (AReg) In every execution on an atomic register, every read reads the value written by the
last write linearized before it. Formally,

Vr € AtomicRegister: V(X, L) € Hp(r): (5.16)
Vig: isX Readx (lr) =
Al - iSLWT"L'teT’X,L,T(lw, lR) VAN

retux (lr) = arglx(lw)

CAS (Compare-And-Swap) Register
A CAS register is an object that encapsulates a value and supports the cas method in addition to read and
write methods. The method call r.cas(v1, v2) updates the value of the register to vy and returns true if the
current value of the register is v1. It returns false otherwise.

A successful write is either a write method call or a successful cas method call. The written value of
a successful write is its first argument, if it is a write method call or is its second argument, if it is a cas
method call.
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Definition 5 The sequential specification of cas register reg is the set of sequential histories of read, write
and cas method calls on reg with the following two conditions. Fvery read returns the written value of
the latest preceding successful write (regardless of thread identifiers). (Note that it is assumed that a write
method call initializes the register before other methods are invoked.) Every cas with the first argument vy
returns true if the written value of the latest preceding successful write is v1 and returns false otherwise.

Atomic CAS Register. An atomic CAS register is a linearizable instance of CAS register type.
Let AtomicC AS Register denote the type of Atomic CAS registers.
Let us define

isXCASx . (lw
isXCWritex »(lw

= lweX A objx(lw) =1 N namex(lw) = cas
= isXWrite(lw) V (isXCAS(lw) A retux(lw) = true)
arglx(lw) if namex (lw) = write
arg2x (lw) if namex(lw) = cas
= Vl{/vt Z'SXCWTitexm(l{/V) = (l{/V <. lw V lr < l{/V)
= sXCWritex,(lw) A

lw <rlp N

LNoWriteBetweenx r,,(lw, lr)

)
)
writtenValuex (ly) = {
LNoWriteBetweenx, . »(lw, (r)

)

iSLCWT'it@T)QLW (lw, ZR

Lemma 28 (CASRegRead) In every execution on an atomic cas register, every read returns the value
the last successful write linearized before it writes. Formally,

Vr € AtomicC AS Register: ¥(X,L) € Hy(r): (5.22)
Vig: Z'SXReadX’T(ZR) =
Ay - iSLCW?"Z'teTX’Lm(lw, lr) N

retvx (lr) = arglx (lw)

Lemma 29 (CASRegCAS) In every execution on an atomic cas register, every cas returns true if its
first argument is equal to the argument of the last successful write linearized before it and returns false
otherwise. Formally,

Vreg € AtomicC ASRegister: V(X, Reg) € Hy(reg): (5.23)
Vi, by -

isXCASx reg(lc) N

isLCWriterx pegreq(Iw,R)

(writtenValuex (lyw) = arglx(lc) = retvx(lc) = true) A
(=(writtenValuex (lw) = arglx(lc)) = retvx(lc) = false)

Lock

Abstract lock. An abstract lock [ is an object that encapsulates a state, acquired A or released R, and
supports the following methods: lock: The method call I.lock() changes the state from R to A. unlock: The
method call l.unlock() changes the state from A to R. read: The method call l.read() returns true if the
state of lock is A and false otherwise. The method calls lock and unlock are mutating method calls. The
method call read is an accessor method call.
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Definition 6 The sequential specification of a lock [ is the set of sequential histories L of lock, unlock, and
read method calls on | where the sub-history of L for mutating methods is an alternating sequence of lock
and unlock methods and every read method call in L returns true if the last mutating method call before it
i L is a lock and returns false otherwise.

Lock. A lock is a linearizable instance of the abstract lock type.
Let Lock denote the type of locks.

Now, we present some preliminary definitions and then lemmas about locks.

isX Lockx jo(l) = (5.24)
leX A objx(l) =1lo N namex(l) = lock

isXUnlockx jo(l) = (5.25)
le X A objx(l) =1lo N namex(l) = unlock

isX Readx o(l) = (5.26)

le X N objx(l) =1lo N namex(l) = read

The common usage protocol for locks is that a thread unlocks a lock only if it has already acquired
it. Many languages including Java enforce this property of programs by runtime checks. We capture this
property as follows.

Definition 7 A history is owner-respecting for a lock if every thread in the history releases the lock only
after it has already acquired it.
isX Owner Respecting;,(X) = (5.27)
Vi: isXUnlockx jo(l) =
3U': isX Lockx 1o(I") A
threadx (I') = threadx (1) A
I <x I A
Vi": (isXUnLockx 1,(I") A threadx(l") = threadx (1)) = (I" <x " vV 1 <x 1")
Lemma 30 If [ is a lock, X is an owner-respecting history of I and L is the linearization of X, then the

sub-history of L for mutating method calls is a sequence of pairs of lock and unlock method calls by the same
thread (possibly followed by a lock method call).

Lemma 31 (Lock) In an owner-respecting execution for a lock 1, if a lock method call by a thread T is
linearized before an unlock method call by a thread Ts, then an unlock method call by Ty is linearized before
a lock method call by Ts. Formally,
Vo € Lock: V(X,L) € Hp(o): Vi1, lu2: (5.28)
(isX OwnerRespecting,(X) A
isX Lockx o(li1) A
isXUnlockx o(ly2) N
In <r lu2) =
A1, lin:
isXUnlockx o(ly1) N threadx(l;1) = threadx (ly1) A
isX Lockx o(li2) N threadx(lj2) = threadx (lu2) A

lu1 <1 U2
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Lemma 32 (LockReadL) In an owner-respecting execution for a lock l, if a read method call that returns
false is linearized before an unlock method call by a thread T, then the read method call is linearized before
a lock method call by T'. Formally,

Vo € Lock:V(X,L) € Hp(0): Yiu1,lr2: (5.29)
(isXOwnerRespecting,(X) A
isX Readx o(ly2) N retvx(ly2) = false
isXUnlockx o(lu1) A
lrg < lu1) =

=R
isX Lockx o(li1) N threadx(ljn) = threadx (ly1) A
lra <1 ln

Lemma 33 (LockReadR) In an owner-respecting execution for a lock 1, if a lock method call by a thread

T is linearized before a read method call that returns false, then an unlock method call by T is linearized
before the read method call. Formally,

Vo € Lock: V(X,L) € Hp(o): Vi, lr2: (5.30)
(isX OwnerRespecting,(X) A
isX Lockx o(li1) A
isX Readx o(lr2) N retvx(l2) = false
ln <r ly2) =
=
isXUnlockx o(ly1) A threadx(lj) = threadx (ly1) A
ly1 <p lr2

Lemma 34 (LockReadM) In an owner-respecting execution for a lock I, every read method call that is
linearized between a pair of matching lock and unlock method calls returns true. Formally,

Vo € Lock: V(X,L) € Hp(o): Vi1, lui,lro: (5.31)
(isX OwnerRespecting,(X) N
isX Lockx o(li1) A
isXUnlockx o(ly1) N
threadx (I;n) = threadx (ly1) A
Vi, (isXUnlockx o(l,;) A threadx () = threadx (I,;)) = (I,; <x ln V lu =<x l1)
isX Readx o(ly2) N
ln =ple2 A b2 <L L)

retvx (ly2) = true

Try-Lock

Abstract Try-lock. A try-lock [ is an object that encapsulates an abstract state, acquired A or released R,
and in addition to lock, unlock and read methods, it supports the trylock method. If the state of the lock
is R, l.trylock() changes it to A and returns true. Otherwise, it returns false.
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We call a lock method call or a successful tryLock method call, a successful lock method call. We call a
lock method call, successful tryLock method call or unlock method call, a mutating method call.

Definition 8 The sequential specification of a try-lock [ is the set of sequential histories L of lock, unlock,
read and tryLock method calls on | with the following conditions: The last mutating method call before
a successful lock method call is an unlock method call. Similarly, the last mutating method call before an
unlock method call is a successful lock method call. A tryLock method call returns true if the latest preceding
mutating method call is an unlock and returns false otherwise. Similarly, A read method call returns true
if the latest preceding mutating method call is a successful lock and returns false otherwise.

Try-Lock. A try-lock is a linearizable instance of the abstract try-lock type.
Let TryLock denote the type of try-locks.

Similar to the Lock type, after some preliminary definitions, we define the owner-respecting histories and
state the TryLock type lemmas.

isXTryLockx o(l) = (5.32)
leX A objx(l) =0 N namex(l) = tryLock
isXT Lockx o(l) = (5.33)

isX Lockx o(l) V (isXTryLockx o(l) N retvx(l) = true)

The intuition for owner-respecting histories remains the same. A history is owner-respecting for a try-
lock if every thread in the history releases the lock only after it has already acquired it. The minor difference
from the prior definition for locks is that the acquisition of a try-lock is either by a lock method call or a
successful tryLock method call.

isXTOwnerRespecting,(X) = (5.34)
Vi: isXUnlockx o(l) =
3I': isXTLockx (") A
threadx (I') = threadx (1) A
I <x LA
VI": (isXUnLockx o(I") A threadx(l") = threadx (1)) = 1" <x 1" v I <x 1"
Lemma 35 Ifl is a try-lock, X is an owner-respecting history of I and L is the linearization of X, then the
sub-history of L for mutating method calls is a sequence of pairs of successful lock and unlock method calls

by the same thread (possibly followed by a successful lock method call).

Lemma 36 (TryLock) In an owner-respecting execution for a try-lock 1, if a successful lock method call
by a thread 11 is linearized before an unlock method call by a thread Ts, then an unlock method call by Ty
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is linearized before a successful lock method call by Ts. Formally,

Vo € TryLock: ¥(X,L) € Hr(0): Vi1, lyu2: (5.35)

(isXTOwnerRespecting,(X) A

isXT Lockx o(ln) N

isXUnlockx o(lu2) N

In <r lu2) =

Iy, lin:

isXUnlockx o(ly1) N threadx(l;1) = threadx (ly1) A

isXT Lockx o(lj2) N threadx(lj2) = threadx (ly2) A

lur =<1 li2
Lemma 37 (TryLockReadL) In an owner-respecting execution for a try-lock l, a read method call that
returns false is linearized before if an unlock method call by a thread T then the read method call is linearized
before a successful lock method call by T'. Formally,

Vo € TryLock: ¥Y(X,L) € Hr(0): Vi, lra: (5.36)
(isXTOwnerRespecting,(X) A
isX Readx o(l;2) N retvx(ly2) = false
isXUnlockx o(ly1) N
lr2 <L ln) =
Al :
isXTLockx o(li1) N threadx(l;1) = threadx (ly1) A

Lo <1 ln

Lemma 38 (TryLockReadR) In an owner-respecting execution for a try-lock l, if a successful lock method
call by a thread T is linearized before a read method call that returns false, then an unlock method call by

T is linearized before the read method call. Formally,

Vo € TryLock: ¥(X,L) € Hy(0): Vi1, lr2: (5.37)
(1sXTOwnerRespectingo(X) A
isXTLockx o(li1) N
isX Readx o(ly2) N retux(ly2) = false
In < ly2) =
Al
isXUnlockx o(ly1) N threadx(l;1) = threadx (ly1) A

lul <L lr2

Lemma 39 (TryLockReadM) In an owner-respecting execution for a try-lock l, every read method call
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that is linearized between a pair of matching successful and unlock method calls returns true. Formally,

Yo € TryLock: ¥(X,L) € Hp(o): Vi1, lu1,lr2: (5.38)
(isXOwnerRespecting,(X) N
isXT Lockx o(l;1) A
isXUnlockx o(ly1) A
threadx (I;n) = threadx (ly1) N
Vi, (isXUnlockx o(l,;) A threadx () = threadx (I,;)) = (I,; <x ln V lua =<x l1)
isX Readx o(ly2) A
lin <r b2 A lg <p lu)

retvx (ly2) = true

Seqg-Lock
Abstract seq-lock. A seg-lock [ is an object that encapsulates a number and an abstract state, acquired A or
released R. It supports the read, compare AndLock and incAndUnlock methods. The method call I.read()
returns the pair of the encapsulated number and true if the state of lock is A and false otherwise. The
method call I.compareAndLock(n) compares the the encapsulated number with n and if they are equal,
changes the state from R to A and returns true. Otherwise, it does not change the state of the seqg-lock
and returns false. The method call l.incAndUnlock() increments the encapsulated number and changes
the state from A to R.

A successful compareAndLock and incAndUnlock are mutating method calls. The method call read is
an accessor method call.

Definition 9 The sequential specification of a seq-lock | is the set of sequential histories L of read,
compareAndLock, and incAndUnlock method calls on 1 with the following conditions:

FEvery read method call returns the pair of the number of incAndUnlock method calls before it and true
if the last mutating method call before it is a successful compareAndLock and false otherwise.

A compareAndLock method call returns true if the last mutating method call before it is an incAndUnlock
method call and the number of incAndUnlock method calls before it is equal to its argument. It returns false
otherwise.

The last mutating method call before an incAndUnlock method call is a successful compareAndLock
method call.

Seqg-Lock. A seg-lock is a linearizable instance of the abstract seq-lock type.
Let SeqLock denote the type of seq-locks.

Counter

Abstract Counter: A counter c¢ is an object that encapsulates a number and supports the following two
methods: The method call c.read() returns the current value of ¢. The method call c.iaf() increments the
value of ¢ and returns the incremented value.

Definition 10 The sequential specification of a counter c is the set of sequential histories of read and iaf
method calls on ¢ where every method call returns the number of iaf method calls before it (including the
method call itself). Note that it is assumed that the initial value of the counter is zero.
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Strong Counter. A strong counter is a linearizable instance of abstract counter type.
Let SCounter denote the type of strong counters.

Lemma 40 (SCounter) The return value of every method call that is linearized before an iaf method call
is smaller than the return value of the iaf method call. Formally,

Ve € SCounter: V(X,C) € Hy(c): VI,I": (5.39)
le X ANl'e X A namex(l') =iaf N1=<cl

retvx (1) < retvx (I

Set

A set s is an object that represents a set of values and supports the following methods: add: The method
call s.add(v) adds value v to set s. contains: The method call s.containts(v) returns true if v is a member
of s and false otherwise.

Definition 11 The sequential specification of a set s is the set of sequential histories of add and contains
method calls on s where every contains method call returns true if there is a preceding add method call with
the same argument, and returns false otherwise. Note that it is assumed that the set is initially empty.

Basic Set. A basic set is a basic instance of set type.
Let BasicSet denote the type of basic sets.
Let us define

isXContainsx s(1) = (5.40)
leX A objx(l) =s A namex(l) = contains
isX Add (1) = (5.41)

leX A objx(l)=s N namex(l) = add

Lemma 41 (BasicSetContains) In every sequential ezecution on a basic set, for every contains method
call that returns true, there is a preceding add method call with the same argument. Formally,

Vs € BasicSet: VX € Hp(s): X € Sequential = (5.42)
Vie: isXContainsx s(l.) N retvx(l.) = true =
g isXAddx s(lg) N

argl(ly) = argl(le) A lo <x lc

Lemma 42 (BasicSetAdd) In every sequential execution on a basic set, every contains method call that
succeeds an add method call with the same argument returns true. Formally,

Vs € BasicSet: VX € Hp(s): X € Sequential = (5.43)
Vie,lg:

isXContainsx s(l.) N

isX Addx s(ls) N

argl(ly) = argl(le) N lo <x .

retux (l.) = true
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Map

A map m is an object that represents a mapping from a set of keys to a set of values and supports the
following methods: put: The method call m.put(k,v) adds or updates the mapping of the key k to the value
v (v # L) in the map m. get: The method call m.get(k) returns the value that the map m associates with
the key k. It returns L if m does not map k.

Definition 12 The sequential specification of a map m is the set of sequential histories of put and get
method calls on m where every get method call returns L if there is no preceding put method call with the
same key argument; otherwise it returns the second argument of the latest preceding put method call with the
same key argument. Note that it is assumed that the map is initially empty.

Basic Map. A basic set is a basic instance of map type.
Let BasicMap denote the type of basic maps.
Let us define

isXGetxm(l) = (5.44)
leX A objx(l) =m A namex(l) = get

isX Putx m(l) = (5.45)
leX A objx(l) =m A namex(l) = put

isX Putterx m(lp,ly) < (5.46)
isX Putx m(lp) N arglx(ly) = arglx(ly) Nl <xlg A (5.47)
VI,: isX Putxm(l,) A arglx(l)) = arglx(ly) = (I, x I, V Iy <x 1) (5.48)

Lemma 43 (BasicMapGet) In every sequential execution on a basic map, the return value of every get
method call that does not return L is equal to the value argument of the latest preceding put method call with
the same key argument. Formally,
Vm € BasicMap: VX € Hp(m): X € Sequential = (5.49)
Vig: isXGetx m(lg) N ~(retux(ly) = 1) =
3y, : isPutterx m(lp,ly) A
arg2x(lp) = retvx(ly)
Lemma 44 (BasicMapPut) In every sequential execution on a basic map, for every get method call g, if
p is the latest preceding put method call with the same key argument then the return value of g is equal to
the value argument of p. Formally,
Vm € BasicMap: VX € Hp(m): X € Sequential = (5.50)
Vig, ly:
isXGetxm(lg) N
isPutterx m(lp,lg) N

retux(ly) = arg2x(lp)

Proof Sketches.
Lemma
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Straightforward from <xC=<.

Lemma
We have
L=<l
From , we have
rEv(l) <p iBvu(l')
From the well-formedness of the history O,
we have
(3) iEv(l) <1, rEv(l)
{@) iEv(l") <p rEu(l')
From , and , we have
iEv(l) @ rEv(l")
From , we have
() ~(rBEvl) < iBv()
From and HEI], we have
@ -~ =1
From the definition of <x on ﬂ§|], we have
@ (' <1 1)

The conclusion is

and

Lemma 27k
Straightforward from the fact that L is a member of sequential specification and
a sequential specification is a set of sequential histories and
the execution order is total in sequential histories.

Lemma
Straightforward from the fact that L is a member of sequential specification and
a sequential specification is a set of sequential histories and

the execution order is total in sequential histories.
We have

From , we have
L € Sequential

From , and , we have
6) (€L
(7) 'eL

From , ﬂ§|] and , we have
I<pl! vIU=<plvi=l

Lemma
Straightforward from the fact that L is equivalent to X.
We have
(1) x=L
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[9¥] 1]

l-<Ll,

% L € SeqSpec(o)
From , we have

d) e L
b) '€ L
From [2] on [4] and , we have
6) objr(l) =o
7) objr(l') =o
From [1] on [4] and , we have
le X
l'eX
From on []Eﬂ and , we have
objx(l) =o
objx(l') = o
Lemma 24k
Using .2X and XTotal, we have four cases:
Case: [ <1
Straightforward from XTrans.
Case: | ~ 1
Straightforward from XXTrans.
Case: I' <1
Straightforward from X2L and LASym.
Case: I' =1

Straightforward from LASym.

Lemma 25
Derived from the semantics of basic objects (Definition [1|) and the sequential specification of register (Defi-

nition .

Lemma 26}
Derived from the semantics of basic register (Definition [4)).

Lemma
This is a restatement of Theorem 3 from the original definition of linearizability []. Derivable from the
semantics of linearizable objects (Definition [2)) and the sequential specification of register (Definition [3)).

Lemma 28k
Derivable from the semantics of linearizable objects (Definition [2)) and the sequential specification of cas
register (Definition [5)).

Lemma 29t
Derivable from the semantics of linearizable objects (Definition [2) and the sequential specification of cas

register (Definition 5)).

Lemma
Derivable from the semantics of linearizable objects (Definition , the sequential specification of the lock
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(Definition @, the owner-respecting property (Definition , and that the sub-history for each thread is
sequential (from the definition of execution histories).

Lemma 31}
Derived from Lemma B0l

Lemma [32}
Derived from Lemma [30] and the sequential specification of lock (Definition [6]).

Lemma
Derived from Lemma [30[ and the sequential specification of lock (Definition @

Lemma B34
Derived from Lemma [30] and the sequential specification of lock (Definition [f]).

Lemma 35k

Derivable from the semantics of linearizable objects (Definition , the sequential specification of the lock
(Definition , the owner-respecting property (Definition , and that the sub-history for each thread is
sequential (from the definition of execution histories).

Lemma
Derived from Lemma 35

Lemma
Derived from Lemma [35] and the sequential specification of try-lock (Definition [3)).

Lemma, [38k
Derived from Lemma [35( and the sequential specification of try-lock (Definition .

Lemma
Derived from Lemma [35( and the sequential specification of try-lock (Definition .

Lemma
Derivable from the semantics of linearizable objects (Definition , the sequential specification of counter

(Definition [10)).

Lemma 4Tk
Derivable from the semantics of basic objects (Definition , the sequential specification of set (Definition .

Lemma 42k
Derivable from the semantics of basic objects (Definition , the sequential specification of set (Definition .

Lemma
Derivable from the semantics of basic objects (Definition , the sequential specification of set (Definition .

Lemma, [44}
Derivable from the semantics of basic objects (Definition , the sequential specification of set (Definition .
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6 Marking TL2

reg: BasicRegister|[|]|],
ver: AtomicRegister|[|]|],
lock: TryLock[|I]],

clock: SCounter,

rver: ThreadLocal BasicRegister,
rset: ThreadLocal BasicSet,
wset: ThreadLocal BasicMap,
Iset: ThreadLocal BasicSet

def init,()

def commit;()

snap = clock.read(), C01 > foreach (i € wsetlt])

102> rover[t].write(snap), c02; > locked = lock[i].trylock(),

103> return ok, if (—locked)

def read;(7) c03; > Iset.add(7)

RO1 > pv = wset[t].get(i), else

if (pv# 1) co4; > foreach (j € Iset)

R02 > return pv, C05;5 > lock[j].unlock(),
Co06; > return A,

RO3 > s1 = werli].read(),

v = regli].read(), 07 >| wver = clock.iaf (),

RO5 > | = lock[i].read(),

R0O6 > sy = verli].read(), C08 >  sver = rver[t].read(),

RO7 > sver = rver[t].read(), if (wver # sver + 1)

if (=(=l A s1 =52 A s2 < sver)) | C09 > foreach (i € rset|t])

RO8 > return A, C10; > l = lockli].read(),
Cc11; > s = verl[i].read(),

R09 > rver|t].add(i), if (=(=l A s < sver))

R10> return v, C12; > foreach (j € Ilset)

{R03 — R04, R04 — R05, R05 — R06}, |C13;; > lock[j].unlock(),

def write:(i,v) C14; > return A,

Wolve  wset[t].put(i,v),

W02 >  return ok, C151>  foreach ((i,v) € wsett])

def abort:() &2162- > regli.write(v),

A01 > return A, Cc17; > ver[i].write(wver),
C18; > lock[i].unlock(),
C19p>  return C,

{C01 — C07, C10 — C11, C09 — C15,
C16 — C17,C17 — C18},

Figure 4: TL2 Algorithm Specification
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Atomic register, try-lock and strong counter are linearizable object types and basic register, basic set
and basic map are basic object types. (At a high level, for every execution on a linearizable object, there
is an equivalent sequential execution that complies with the sequential specification of the object. On the
other hand, a basic object complies with its sequential specification only if it is accessed sequentially.) TL2
uses the following base objects: Value registers reg: an array of basic registers. Version registers ver: an
array of atomic registers with the initial value 0. Locks lock: an array of try-locks that are initially released.
The arrays are of size memory location count |/ |E| Global version clock clock: a strong counter with the
initial value 0. A strong counter provides two methods in its interface: iaf (inc-and-fetch) that increments
the counter and returns the counter value and read that returns the counter value. Read version rver: a
thread-local basic register. Read set rset: a thread-local basic set that is initially (). Write set wset: a
thread-local basic map that is initially (). Lock set lset: a thread-local basic set that is initially (). As
relaxed execution may reorder program statements, any order that is not implied by the data or control
dependencies but is required for the correctness of the algorithm is explicitly declared at the end of each
method definition. The values ok, A, C are reserved to denote successful completion of writes and abortion
and commitment of transactions respectively.

TL2 is a deferred-update TM algorithm. A value that a transaction ¢t writes to a location is buffered
in the write set wset[t] at W01 and is written back to register reg[i] at C'16; while ¢ is committing. TL2
records a version in the register ver[i] for the value stored in the register reg[i]. The version register veri]
is updated to ascending numbers at C'17; after new values are written back to reg[i] at C16,. The try-lock
lock[1] is used for exclusive access to the registers for location ¢. At commit, the lock lock]i] of each location
i in the write set wset[t] is acquired at C01 to C06. (If a lock cannot be acquired, the previously acquired
locks are released at C'05 and the transaction is aborted at C06.) Then, a new snapshot number is read
from clock at C07. Then, for each location in the read set rset[t], first lock[i] and then ver|:] are read at
C10; and C'11; and the read is validated. (If a read is not validated, the acquired locks are released at C'13
and the transaction is aborted at C'14.) Finally, the value buffered for each location ¢ in wset[t] is written
back at C'15; to C'18;. For each pair in the write set wset[t], the following three operations are executed in
order. First, the buffered value is written back to regli], then ver|i] is updated, and then lock[i] is released.
In the init method, each transaction t reads the current snapshot version from clock at 101 and writes it to
the read version register rver[t] at 102. The read version is read at R07 and C'08 to validate the read values.
To read a location i, a transaction reads verli], reg[i], lock[i] and again ver[i] in order at R03 to R06 and
then validates the read. (If the validation fails, the transaction is aborted.) Finally, i is added to the read
set rset[t] and the read value is returned.

2 As observed by previous work [3], in the original TL2 paper, the authors maintain the version number and the lock bit of
every location in the same memory word, thus, the order of reading the lock and the version register in the commit method is
ambiguous. In our specification, we treat the lock and the version as separate registers and make the orders explicit.
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Notation. Let us remind the notation. Consider an execution history H. We use [y <y l2 to denote
that [; is executed before ;. We use I; ~pg lo to denote that [y is executed concurrently to lo. We use
li Zm l2 to denote that [; is executed before or concurrently to lo. We use <cock, <perfi] ad <joek[s] t0
denote the linearization order of clock, ver[i] and lock[i] respectively.

A label ¢q’cy is a call string that denotes a method call labeled ¢y that is executed in the body of the
method call labeled ¢;.

We use initOf g (T') and commitOfg (T) to denote the init and commit method calls of transaction T' in
history H.

Marking Relation. Now, we define the marking relation for TL2. The effect order of transactions is
the linearization order of their calls to the clock. Every transaction reads an initial snapshot number at
101. A committing transaction makes a new snapshot at C07. A TL2 transaction takes effect at C07 if it
is committed and at 101 otherwise. The access order of read operations and writer transactions to location
i is the execution order of their accesses to the reg[i] register. The read method reads reg[i] at R04 and a
writer transaction writes to reg[i| at C'16;.

Definition 13 (Marking TL2) Consider an execution history H € H(TL2). Let

readAcc(R) = R R04

writeAcc(T,i) = commitOfg(T) C16;
Eff(T) initOf g (T')'101 if T € Aborted(H)
commitOf g (T)C07 if T € Committed(H)

The marking T for H is the reflexive closure of T that is define as follows:

{(T,T') | T, T € Trans(H) A Bff(T) <etoex EIf(T')} U
{(T,R) | Fi: R € GlobalT Reads(H),i = argl(R),T € Writersy(i) N writeAcc(T,i) <g readAcc(R)} U
{(R,T)|3Ji: R € GlobalTReads(H),i = argl(R),T € Writersg(i) N readAcc(R) Zg writeAcc(T,i)}

We have formally proved the markability of TL2 using a novel program logic that facilitates reasoning
about execution and linearization orders. To keep the focus of this paper on markability, we avoid the formal
presentation of the logic and present a simplified reasoning.

In addition to the lemmas presented in the previous section, we use the rule P2X that states the
program-order-preservation property. If a method call [; is ordered before a method call l5 in the program,
and methods [; and [y are executed, then [; is executed before [5.
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Lemma 45 TL2 preserves reads of aborted transactions (part 1).

VH € H(TL2):
VR € GlobalT Reads(H): Let i = argly(R),T = transg(R):
T € Aborted(H) = NoWriter Betweeny ;(R,C,T)

Proof Sketch.

T T |
C02; > lock[i].trylock()

[C07 | wuer = clock.iaf ()

101 >|  snap = clock.read()

RO3 > 81 = ver[i].read()
|RO4>| v = regli].read()

’0161- D‘ regli].write(v)
C17; >  wer[i].write(wver)
RO5 > [ =lockli].read() C18; > lock[i].unlock()

RO6 > s9 = wverli].read()
RO7 > sver = rver[t].read()
if (=(=l A s1 =52 A 59 < sver))
return A

Figure 5: Case T' € Aborted(H) N RCT' T

We consider an aborted transaction 1" with an unaborted global read operation R from a location ¢ and
a writer T” of i.
We assume that
T’ accesses i after R
that is

T'CR

and
T’ takes effect before T'
that is
TCT
We show that
TL2 aborts R.
Figure [5| depicts the two transactions.
By Definition [13| on [I], we have
R04 =g C16;
By Definition [13|on [2], we have
CO7 <ok 101
The method calls R05 and C'18; are on the object lock[i]. We consider two cases for the linearization order
of them and prove that R returns A in both cases.
Case 1:

RO5 <joey C18;
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By P2X on the algorithm, we have
(6) Co02; <y CO7
(7) 101 <z RO5

By the Lemma XLTRANS on @, and , we have
C02; < RO5

thus, by the Lemma X2L, we have
C02; <qocky) RO5

By the Lemma TRYLOCKREADM on 8] and , we have that
RO5 returns true i.e. [ = true

Thus,
The validation check fails and R returns A.

Case 2:
C18; <lockli] R05
By P2X on the algorithm, we have
(10) C17; <y C18;
(11) RO5 <z RO6
By the Lemma XLTRANS on , Eﬂ and , we have
C17; <g R0O6
Thus, by the Lemma X2L, we have
C17; <perpy) ROG
By Lemma [54{ on , we have
wver < So
By P2X on the algorithm, we have
(14) RO3 <y RO4
" C_16; <y C17;
By the Lemma XXTRANS on [14], [3] and [15], we have
R0O3 <y C17;
Thus, by the Lemma X2, we have
RO3 <eppy C17;
By Lemma [54] on [16], we have
s1 < wver
From and , we have
—(s1 = s2)
Thus,
The validation check fails and R returns A in this case too.

Lemma 46 TL2 preserves reads of aborted transactions (part 2).

VH € H(T'L2):
VR € GlobalT Reads(H): Let i = argly(R),T = transg(R):
T € Aborted(H) = NoWriter Betweeny ;(T,C, R)

Proof Sketch.

We consider an aborted transaction 7" with an unaborted global read operation R from a location ¢ and
a writer T” of i.
We assume that
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‘IOl D‘ snap = clock.read() C02; > lockl[i].trylock()
102 > rver[t].write(snap)

’CO? D‘ wver = clock.iaf ()

’C’lGi l>‘ regli].write(v)
|RO4>| v = regli].read() C17; > wer[ilwrite(wver)
RO5 1> [ =lockli].read() C18; > lock[i].unlock()
RO6 > s9 = ver[i].read()

RO7T > sver = rverlt].read()
if (=(=l A s1 =382 N s9 < sver))
return A

Figure 6: Case T' € Aborted(H) N TCT'C R

T’ takes effect after T
that is

TCT
and

T’ accesses i before R
that is
T'CR
We show that
TL2 aborts R.
Figure [6] depicts the two transactions.
By Definition [13] on [1], we have
101 < goer, COT
By Definition [13 on [2], we have
C16; < R04
The method calls R05 and C'18; are on the object lock[i]. We consider two cases for the linearization order
of them and prove that R returns A in both cases.
Case 1:
(5) RO5 <oekp C18;
By P2X on the algorithm, we have
(6) C02; <y C16;
(7) RO4 <x RO5
By the Lemma XXTRANS on @, and , we have
C02; <g RO5
thus, by the Lemma X2L, we have
C02; <joekps) RO5
By the Lemma TRYLOCKREADM on [§] and [5], we have that
R05 returns true i.e. | = true.
Thus,
The validation check fails and R returns A.
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Case 2:
C18; =lockli] RO05
By P2X on the algorithm, we have
" C17; =g C18;
1’ R05 <y R06
By the Lemma XLTRANS on , @I] and , we have
C17; <g RO6
Thus, by the Lemma X2L, we have
C17; <perpy) ROG
By Lemma [53| on , we have
wver < So
By the Lemma SCOUNTER on , we have
1' snap < wver
The value of sver is read at RO7 from rver.
The thread-local register rver is only assigned at 102 to snap.
Thus, we have
snap = sver

From , and , we have

sver > 89
Thus,
The validation check fails and R returns A in this case too.
O
Lemma 47 TL2 preserves reads of aborted transactions.
VH € H(TL2):
VR € GlobalTReads(H): Let i = argly(R),T = transg(R):
T € Aborted(H) =
NoWriter Betweenp ;(R,C,T) N NoWriter Betweeng ;(T,C, R)
Proof. Immediate from Lemma [45] and Lemma [46] O

Lemma 48 TL2 preserves reads of committed transactions (part 1).

VH € H(TL2):

VR € GlobalT Reads(H): Let i = argly(R),T = transg(R):
T € Committed(H) =
NoWriter Betweenp ;(R,C,T)

Proof Sketch.

We consider a committed transaction 7' with an unaborted global read operation R from a location ¢
and a writer T” of 1.
We assume that

T’ accesses i after R
that is

RCT
and

T’ takes effect before T'
that is
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C02; > lock[i].trylock()

I01 > snap = clock.read() ‘007/ D‘ wver’ = clock.iaf ()
102 > rver[t].write(snap)

|R04 b | 1): regli].read()

C16; >|  regli].write(v')

CO7T | wover = clock.iaf ()

C08 >  sver = rver(t].read()

if (wver # sver + 1) C17, > wer[i].write(wver’)
C10; > l = lockli].read() C18, > lock[i].unlock()
C11; > s = verl[i].read()

if (=(=l A s < sver))
foreach (j € Ilset)
lock[j].unlock()
return A

Figure 7: Case T € Committed(H) N RCT'C T

@) T'cT
We show that

TL2 aborts R.
Figure [7| depicts the two transactions. We annotate the labels and variables of T” by a prime so that they
do not conflict with the labels and variables of T
By Definition [13| on [I], we have

R04 =g C16;
By Definition [13|on [2], we have

CO7" < etoer COT
The method calls 101 and C07’ are on the object clock. We consider two cases for the linearization order of
them.
Case 1:

co7 <clock 101

From and ,

The proof of this case reduces to the proof of Lemma
Case 2:

101 < 0ck co7
By the Lemma SCOUNTER on [4], we have
wver’ < wver
By the Lemma SCOUNTER on [6], we have
@D snap < wver’

The value of sver is read at RO7 from rver.

The thread-local register rver is only assigned at 102 to snap.

Thus, we have
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snap = sver
From and ﬂ§|], we have
sver < wver’
From and , we have
wver # sver + 1
Thus,
The if branch is taken.
The method calls C10; and C18] are on the object lock[i].
We consider two cases for the linearization order of them.
Case 2.1:
C10; =lockli] 018;
By P2X on the algorithm, we have
(13) C02;, <y COT’
1) C07 <y C10;
By the Lemma XLTRANS on , and , we have
C02; <y C10;
thus, by the Lemma X2L, we have
(15) C02 <jpek C10;
By the Lemma TRYLOCKREADM on and , we have that
RO05 returns true i.e. [ = true
Thus,
The validation check fails and R returns A.

Case 2.2:
C18] <jpek)) C10;
By P2X on the algorithm, we have
[17) C17 <y C18]
" C10; <y C11;
By the Lemma XLTRANS on , and , we have
Thus, by the Lemma X2L, we have
C17, < yeri O11;
By Lemma [54| on [19], we have
wver’ < s
From , , we have
sver < s
Thus,
The validation check fails and R returns A in this case too.

Lemma 49 TL2 preserves reads of committed transactions (part 2).

VH € H(T'L2):

VR € GlobalT Reads(H): Let i = argly(R),T = transy(R):
T € Committed(H) =
NoWriter Betweenp ; (T, C, R)
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T | T
‘R04 D‘ v = regli].read()

‘C’O? l>‘ wver = clock.iaf ()

‘007/ l>‘ wver’ = clock.iaf ()

C16; >|  reg[i].write(v’)

Figure 8: Case T € Committed(H) N TCT'C R

Proof Sketch.

We consider a committed transaction 7' with an unaborted global read operation R from a location ¢
and a writer 77 of i. We should show that it is impossible that T” takes effect after T' and T" accesses %
before R.

We assume that
T’ takes effect after T'
that is

1) TCT
We show that

T’ accesses i after R.
that is

RCT
Figure [§ depicts the two transactions. We annotate the labels and variables of T” by a prime so that they
do not conflict with the labels and variables of T
By Definition [13|on [1], we have

CO7 < jock COT’

By Definition [13|on [2], we have to show
R04 < C16;
By P2X and the algorithm, we have

W) co4 <y COT

(B) Co7 <z C16;

By the Lemma XLTRANS on , , and , we have

R04 <z C16;
O
Lemma 50 TL2 preserves reads of committed transactions.
VH € H(TL2):
VR € GlobalT Reads(H): Let i = argly(R),T = transg(R):
T € Committed(H) =
NoWriter Betweeny ;(R,C,T) N NoWriter Betweeny ;(T,C, R)
Proof. Immediate from Lemma 4§ and Lemma [49] O
Lemma 51 TL2 is read-preserving.
VH € H(TL2): ReadPres(H,C)
Proof. Immediate from Lemma [I7] and Lemma O
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Lemma 52 Version registers are updated to ascending numbers.
Let C’l?l1 denote the method call at line C17; executed by a transaction Ty and let wver' denote its
argument. Similarly, let C17% denote the method call at line C17; executed by a transaction Ty and let

wver? denote its argument. If 01711 =< ver[i] 01712, then wver' < wver?.

Proof Sketch.

S | T

C02! > locked! = lockl[i].trylock()

Co7t > wver! = clock.iaf ()

v

C17} verlil.write(wver!)

C18L > lock[i].unlock()

C027 locked? = lock[i].trylock()

Co7% > wver? = clock.iaf ()

C177 verli.write(wver?)
C187 lockli].unlock()

Figure 9: Updating Version Registers

We have that
C1T} <oy C172
We show that
wver! < wver?
By P2X on the algorithm, we have
©2) co2t <y 17}
(3) C173 <m C187
By the Lemma XLTRANS on , and , we have
C02} <y C187
Thus, by the Lemma X2L, we have
C02} <joerpy) C182
From the algorithm,
The ownership of lock[i] is respected.
By the Lemma TRYLOCK on [6] and [5], we have
C18} <penji) C022
By P2X on the algorithm, we have
(8) Co7y <y C18}
©9) C02f <z CO7?
By the Lemma XLTRANS on , , and @ﬂ, we have
CoTt <y COT?
By the Lemma X2L on [10], we have
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COT" < ok, COT?
By the Lemma SCOUNTER on [11], we have
wver! < wver?
O

Lemma 53 For every write method call W on ver[i| with argument v and every read method call R on
ver[i] with the return value v', if W <yepy R then v <v'.

Proof Sketch.
We have
(1) W is a write method call on verl[i].

(5) The return value of R is v'.
We show that
v <

Let
(6) W' is last write on ver[i] linearized before R.
(7) The argument of W' is v".
By the Lemma AREG’ on ﬂ§|], , and , we have
'@ o = "
From ﬂEﬂ, and , we have
w jver[i] w’
By the algorithm and , and @], we have
W and W' are both at C'17.
By Lemma |52/ on , ﬂgﬂ, and , we have
[11) v <o”
From [8] and , we have
v <o
O

Lemma 54 For every write method call W on verli] with argument v and every read method call R on
ver[i] with the return value v, if R <yepjy W then v' < v.

Proof Sketch.
We have

() The argument of W is v.
(5) The return value of R is v'.
We show that

v <w

Let
@ W' is last write on ver[i] linearized before R.
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The argument of W' is v”.
By the Lemma AREG’ on @, m, and , we have
o ="
From , and @, we have
w! <werli] w
By the algorithm and , and @, we have
W and W’ are both at C'17.
By Lemmaon , @ﬂ, @ and EI], we have
[11) v <w
From [8] and , we have

v < w
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Lemma 55 TL2 is global-write-observant.

VH € H(TL2):
VR € GlobalT Reads(H): IW € GlobalTWrites(H): Let T' = transg(W):
LastPreAccessorg = (T', R) A

argly(R) = argly(W) A retvg(R) = arg2y(W)

Proof Sketch.

We consider a transaction 7" with an unaborted global read operation R from a location .
The read operation R is from the location 4, thus,
The argument of R is q.

As R is global, thus,
The return value of R is the return value of R04.
We first show that

The read method call from reg[i] at R04 is race-free.
We assume that there is a write method call on regli] concurrent to it and show that TL2 aborts R.
Figure [10| depicts this situation.

| T T |
C02; > locked = lockli].trylock()

RO3 > 51 =wer[i]l.read()
RO4 > v =regli].read() C16; > v = reg[i].write(v)

C17; > werlil.write(wver)
RO5 > lock[i].read() C18; > lockli].unlock()
RO6 > s9 = wverli].read()
RO7 > sver = rver[t].read()

if (—(=l A s1 =52 A s2 < sver))

return A

Figure 10: R04 is race-free

We assume that there a race between R04 and C'16;. Thus,

R04 ~ C16;
The method calls R05 and C18; are on the object lock[d].
We consider two cases for the linearization order of them and prove that R returns A in both cases.
We consider two cases

Case 1:

RO4 =lock[i] C18;

By P2X and the algorithm, we have
(6) C02; <y C16;
1’ R04 < RO5

By the Lemma XXTRANS on @, , and , we have
C02; < RO5

By the Lemma X2L on , we have
©) €02 <poeniy RO5

By the Lemma TrRYLOCKREADM on @ﬂ and , we have that
RO5 returns true i.e. | = true

50



Thus,
The validation check fails and R returns A.
Case 2:
C18; <yoeky) R04
By P2X and the algorithm, we have

By the Lemma XXTRANS on , , and , we have
R03 <z C17;
By Lemma [54{ on , we have
s1 < wver
By the Lemma XLTRANS on , , and , we have
C17; <y RO6
By Lemma [53| on , we have
s9 > wver
From and , we have
51 # 52
Thus,
The validation check fails and R returns A.
Second, we show that
1} The register reg[i] is sequentially-written i.e. no two write methods on reg[i] are concurrent.
We assume two concurrent write method calls on reg[i] and show a contradiction.
Figure [11| depicts this situation.

T | T |
C02; > locked = lockl[i].trylock()

C02; > locked = lockli].trylock()

C16; > v = reg[i].write(v) C16; > v = regli].write(v’)

C18; > lockli].unlock()

C18; > lock[i].unlock()

Figure 11: reg[i] is sequentially-written

We assume that C'16; and C'16; are concurrent. Thus,
C16; ~ C16]

By P2X and the algorithm, we have
(22) C02; <y C16;
(23) C16; <z C18;

By the Lemma XXTRANS on , , and , we have
C02; <y C18}

By the Lemma X2L on , we have
C02; <yoerfi) C18;

By the Lemma TRYLOCK on , we have that
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C18; =<lock[i] C02;
By P2X and the algorithm, we have
(27) C16;, <y C18;
(28) C02; <z C16;
By the Lemma XLTRANS on , , and , we have
C16; <y C16
That is a contradiction to .

By the Lemma BREG on , and , we have
(30) There is a write method call w on regli] such that
The argument of w is equal to the return value of R04.
The last write method call on reg[i] that is executed before R04 is w.
By the algorithm, we have
(31) The register reg[i] is written only at C'16;.
From [28] and , we have
There is a transaction 7" such that
(We annotate the labels and variables of 7" by a prime
so that they do not conflict with the labels and variables of T'.)
1) The argument of C'16} is equal to the return value of R04.
(33) The last write method call on regli] that is executed before R04 is C'16;.
By the algorithm, we have
(34) The argument of C'16 is the value of the key i in the map wset[T”] in the commit.
(35) The map wset[T"] is updated only at W01 in a write of T" such that
The key is equal to the first argument of the write.
The value is equal to the second argument of the write.
From , and , we have
There exists a write W of T”
1} The first argument of W is equal to 1.
W is the last write of T” with the first argument equal to i.
The second argument of W is equal to the argument of C'16.

We show that
The transaction 7" is the last pre-accessor of R.
From , we have
C16, <z R04
By Definition [13| on [44], we have
T'C R

Now, we show that

Every transaction 7" other than 7’ that accesses i before R, takes effect before T”.

We assume that

T # T
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T"C R
We should show that
Tl/ C T/
By Definition [13| on , we have
(We annotate the labels and variables of 77 by a double prime.)
C16! <y R0A
From , , and , we have
C167 <y C16;
Consider Figure

T T

C02] > locked" = lock[i].tryLock()

C02; > locked = lockli].tryLock()

Co7" > wwer” = clock.iaf ()

Co7' > wover’ = clock.iaf ()

C167 > reglil.write(v”)

C16; > regli].write(v)

C18! > lockli].unlock()

C18; > lock[i].unlock()

Figure 12: Effect-order of pre-accessors

By P2X and the algorithm, we have
(1) C02/ <y C16/
(p2) C16; <z C18;
By the Lemma XXTRANS on , , and , we have
02! < C18]
By the Lemma X2L on [53], we have
0022/ _<lock:[i] 018;
By the Lemma TRYLOCK on [45], we have that
C18] <iock(y) C02;
By P2X and the algorithm, we have
(56) CO77 <y C18!
(b7) C02; <p COT;
By the Lemma XLTRANS on , , and , we have
CO7" <y COT
By Definition |13 on [58], we have
e T
The conclusion is

B9, (2. B0, B, and

Lemma 56 TL2 is local-write-observant.
VH € H(TL2):
VR € LocalT Reads(H): Let T = transy(R),i = argly(R),H' = H|T|i:
W € TWrites(H'):
W <g R N NoWriteBetweeng: (W, R) A
retvg (R) = arg2g (W)
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Proof Sketch.
Let
The operation R is a local read with the first argument ¢ by the transaction 7.
From , as R is local, we have
There is a write operation before R with the first argument ¢ by 7.
From , let
The operation W is the last write operation before R with the first argument 7 by the
transaction 7.
By the algorithm
{) The value of a key ¢ in wset is updated only at W01 in a write operation with the first argument
and the value of the key 7 is updated to the second argument of the write operation.
From and , we have
The value of a key ¢ in wset during the execution of R is equal to the second argument of W.
Thus, by the algorithm
@ R01-R02 find a value for the key ¢ in wset.
Thus,
The return value of R is equal to the value of key i in wset.
From ﬂfﬂ and , we have
The return value of R is equal to the second argument of W.
The conclusion is

and

Lemma 57 TL2 is write-observant.
VH € H(TL2): WriteObs(H,C)
Proof. Immediate from Lemma [56| and Lemma O
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Lemma 58 TL2 is real-time-preserving.
VH € H(TL2): RealTimePres(H,C)

Proof Sketch.
We assume that
T<pg T
We show that
TCT
By the definition of <, from , we have
All the operations of T' are executed before all the operations of T".
By the Lemma X2L, from , we have
All the operations of T' on clock are linearized before all the operations of T” on clock.
By Definition [13]
The effect point of each transaction is one of its own operations on the clock object.
From and , we have
The transaction T takes effect before the transaction T”.
that is
TCT

Lemma 59 The relation C is a marking relation.
VH e H(TL2): C € Marking(H)

Proof Sketch.

Consider Definition [13l

By the totality of the linearization order < .k, the relation C is a total on the set of transactions.

As every pair of method calls either execute in order or concurrently, every read operation of a location 4
is ordered either before or after every writer to 7. In addition, as no method call can execute before another
method call and also after after or concurrent to it, no read operation of a location 7 is ordered both before
and after a writer to 1.

O
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Lemma 60 TL2 is markable.
VH € H(T'L2): H € FinalStateMarkable

Proof.
Immediate from Lemma Lemma Lemma and Lemma

Theorem 61 TL2 is opaque.
VH € H(T'L2): H € FinalStateOpaque

Proof.
Immediate from Lemma [60, and Theorem [T8]
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7 Marking DSTM (visible reads)

T:
Loc {
writer: BasicRegister,
rset: BasicSet,
oldVal: BasicRegister,
newVal: BasicRegister},
state: AtomicCASRegister]|],
start: AtomicCASRegister]]
D:
def init,() def write.(i,v)
I01 > state[t].write(R), W0l 7 = starti].read(),
102 > return ok, W02 > w=rywriter.read(),
def read;(7) if (w=1)
RO1 > 7 = start|i].read(), W03 > ri.newVal.write(v),

R0O2 > v = currentValuey(ry), | W04 > return ok,
RO3 > 7y = clone(ry),

RO4 > ro.rset.add(t), W05 > vy = currentValue,(ry),
RO05 > rd = start[i].cas(r1,r2), | W06 > foreach (t2 € ry.rset)
R06 > s = state[t].read(), WO7 > statelts].cas(R, A),

if (-rd vV (s=A4A))
RO7 > return A W08 > 1y =new Loc(),

else W09 > ro.writer.write(t),
RO8 > return v, W10 > ro.oldVal.write(vy),
{R05 — RO0G6}, W1l ro.newVal.write(v),
def commit() W12 > wd = start[i].cas(ri,r2),
C01 > ¢ = state]t].cas(R, C), if (wd)

if (¢) W13 >  return ok
co2 > return C else

else W14 > return A
C03>  return A, {W06 — W12}

def currentValue(r)

VOl >ty = rawriter.read(),
if (<(t2 = 1))

V02>  state[ts].cas(R,A),

V03> s = statelta].read(),
if (s=A4A)

Vo4 > return r.oldVal
else

V05 > return r.newVal,

Figure 13: DSTMVis DSTM (visible reads) Algorithm Specification
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Notation. Let us remind the notation. Consider an execution history H.

We write e; <y e2 to denote that the event e; comes before the event e in the history H.

We use l; <pg la to denote that [y is executed before lo. We use 1 ~g lo to denote that {1 is executed
concurrently to lo. We use I1 Zp l2 to denote that [; is executed before or concurrently to ls.

We use <qr4)5) to denote the linearization order of start[i].

A label ¢q’co is a call string that denotes a method call labeled co that is executed in the body of the
method call labeled ¢;.

We use initOf g (T) and commitOfg(T) to denote the init and commit method calls of the transaction
T in the history H. We use LastT Ready (T) to denote the last read method call by the transaction 7" in the
history H. We use FirstTWritey(T,i) to denote the first write method call to location ¢ by the transaction
T in the history H.

Marking Relation. Now, we define the marking relation for DSTM.

Definition 14 (Marking DSTM) Consider an execution history H € H(DSTMV'is). Let

commitOf g (T)C01  if T € Committed(H)
Eff(I') = < LastTReady(T)'R05 if T € Aborted(H) N TReads(H) #
initOf g (T)'101 if T € Aborted(H) N TReads(H) =
readAcc(R) = R’R05
writeAce(T,i) = FirstTWriteg(T,i)’W12

0
0

The marking  for H 1is the reflexive closure of T that is define as follows:

{(T,T) | T,T" € Trans(H) N inv(Eff(T)) <g inv(Eff(T"))} U
{(T,R) | Ji: R € GlobalT Reads(H ),i = argl(R),T € Writersy (i) N writeAcc(T,i) <sars) readAcc(R)} U
{(R,T) | Ji: R € GlobalT Reads(H),i = argl(R),T € Writersy (i) A readAcc(R) <syqpi) writeAce(T, )}

A committed transactions takes effect at the invocation event of C01, the cas method call in its commit
method call. An aborted transaction that has a successful read method call takes effect at the invocation
event of R0O5 of its last successful read method call. An aborted transaction that has no successful read
method call takes effect at the invocation event of 701 in its initialization method call.

The access point of a read method call is at R05. The access point of a writer transaction to location ¢
is at W12 of its first write method call to 1.
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8 Marking NORec

T:
seqLock: SeqLock,
reg: BasicRegister]|]
snap: ThreadLocal BasicRegister,
rset: ThreadLocal BasicMap,
wset: ThreadLocal BasicMap,
D:
def init;() def validate()
do V01> while (true)
I01 > (s,1) = seqLock.read() do
while (), Vo2 > (s1,11) = seqLock.read(),
102> snap[t] = s, while (/1)
def ready(7) foreach ((i,v) € rset]t])
RO1 > pv = wset[t].get(q), V03; > v =regli].read(),
if (pv# L) if (v £ o),
RO2 > return pv, Vo4; > return false,
do Vo5 > (s2,12) = seqLock.read(),
RO3 > v = regli].read(), if (s2=s1 A —I2)
R04 > s1 = snap[t].read(), V06 > snap(t].write(sl),
RO5 > (s2,12) = seqLock.read(), | VO7 > return true,
if (s2=s1 A —i2) (V02 — V03;,V03; — V051,
RO06 > break, def commit,()
RO7 > b = validatey(), C0l > e =wset[t].isEmpty(),
if (-b) if (e)
RO8 > return A, co2 > return C,
while (true), do
RO9 > rset[t].put(i,v), 03 > s = snap|t].read(),
R10> return v, Cc04 > d = seqLock.compare AndLock(s),
{R03 — RO5), if (d)
def write.(i,v) C05 > break,
WO0l v wsett].put(i,v), C06 > b = validates(),
W02 > return ok, if (—b)
def abort() return A,
A0l > return A while (true),
foreach ((i,v) € wset[t])
co7; > reglil.write(v),
C08 > seqLock.incAndUnlock(),
C09 > return C
{C04 — C07;,C0T; — CO8},

Figure 14: NORec NORec Algorithm Specification
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Notation. Let us remind the notation. Consider an execution history H.

We use l1 <p ls to denote that [; is executed before l5. We use [; ~p ls to denote that [ is executed
concurrently to lo. We use I1 Sy lo to denote that I is executed before or concurrently to Is.

We use <seqrock to denote the linearization order of seqLock.

A label c¢q’cy is a call string that denotes a method call labeled ¢y that is executed in the body of the
method call labeled ¢;.

We use initOf g (T) and commitOfy (T) to denote the init and commit method calls of the transaction
T in the history H.

Marking Relation. Now, we define the marking relation for NoRec.

Definition 15 (Marking NoRec) Consider an execution history H € H(NORec). Let

REff(T) = The last execution of I01 or V05
BFFT) = {REff(T) if T € Aborted(H) Vv TWrites(H) = (
commitOf (T)'C04 if T € Committed(H) N TWrites(H) # 0
R'RO3 if REff(T) <y R'R03
Let REff(T) = V’V05 in V'V03; if R'R03 <z REff(T)
writeAce(T,i) = commitOf(T)COT;

readAcc(T,i) = {

The marking C for H is the reflexive closure of T that is define as follows:

{(T.7") | T,T" € Trans(H) A Eff(T) <seqrock Eff (T")} U
{(T,R) | Ji: R € GlobalT Reads(H),i = argl(R),T € Writersg(i) N writeAcc(T,i) <g readAcc(T,i)} U
{(R,T) | 3i: R € GlobalTReads(H),i = argl(R),T € Writersg(i) N readAcc(T,1) <g writeAcc(T, i)}

An aborted transaction or a read-only transaction takes effect at the last execution of 101 or V05. This
method call reads that most recent snapshot value that the transaction is still consistent for. A committed
transactions that has write method calls takes effect at C'04.

The access point of a read method call is at R03 if the last recent snapshot is read before R03; otherwise,
it is at V03; of the latest successful validate method call. The access point of a writer transaction to location
7 is at C07;.
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9 The Cost of Read Validation

The read-preservation invariant requires the TM algorithm to check that a read location is not overwritten
between the point where the location is read and the point where the transaction takes effect. This require-
ment motivated us to study how read-preservation can influence the time complexity of TM operations and
helped us construct client scenarios that exhibit lower bounds. We present a generalization of the seminal
lower bound result presented in [2]. Let us first remind some definitions from previous works on the inherent
complexity of TM ([1}2,4,5].

An aborted transaction that did not invoke an abort operation is said to be forcefully aborted. We say
that two transactions conflict if they access the same location and one of them writes to the location. A
TM algorithm is (weakly) progressive if and only if it forcefully aborts a transaction only when it conflicts
with a live transaction. More precisely, it aborts a transaction only when there is a time ¢ at which it
conflicts with another concurrent transaction that is live at time ¢ (not committed or aborted by time t). In
addition to providing progress, progressive TM algorithms are expected to retry transactions less frequently
and therefore, improve performance.

A TM algorithm is invisible-reads if and only if no read operation mutates any base object. Mutating
base objects can potentially invalidate the caches and adversely affect performance. Thus, most high-
performance TM algorithms are invisible-reads. A transaction is read-only if and only if it does invoke any
write operations. We assume that the abort operation for a read-only transaction does not mutate any base
shared object.

Two transactions contend on a base object o if and only if they access o and at least one of them mutates
o. A TM algorithm is (strictly) disjoint-access-parallel if and only if two transactions contend on a base
object only if they access a common memory location. Disjoint-access-parallelism can improve scalability as
transactions that access disjoint memory locations access disjoint base objects.

A TM algorithm is single-version if and only if it stores a single value for each memory location in the
base objects.

Theorem 62 The time complexity of the commit operation of every opaque, progressive, disjoint-access-
parallel and invisible-reads TM algorithm is Q(|R|) where R is the read set.

We explain the key idea here and then present the proof. Consider a TM algorithm T'M that is opaque,
progressive, disjoint-access-parallel and invisible-reads. Consider the following client scenario. Invoke the
following methods in sequence. Wait for the response of the method call of each step before going to the next
step. (1) initr, (), (2) reads, (i) (3) initry(), (4) writer, (i, v1), (5) commitr (), (6) initr,(), (7) readzy (),
(8) abortr,(), (9) writer, (j,v1), (10) commitr, (). As the TM is opaque, progressive and invisible-reads, it
can be shown that it results in the history H; depicted in Figure The initializing transaction Ty (that
initializes every location to vp) and also the initializing operations of transactions are elided for brevity.

To make sure that the read location ¢ is not overwritten, the commit operation of 77 should access a
shared object that Ty (that is a writer of ¢) mutates. Assume otherwise i.e. the commit operation of T}
does not access any shared object that Ty mutates. Thus, T5 is invisible to 17. As T'M is invisible-reads,
it can be shown that T3 is invisible to other transactions. As 75 and T3 are invisible to T, removing them
from the client scenario does not affect the responses that 77 receives. Therefore, the execution of 77 alone
results in the execution history Hs depicted in Figure As there is no conflicting transaction and T'M
is progressive, T'M cannot forcefully abort the commit operation of 77. The commit operation should have
returned C but has returned A that is a contradiction. Therefore, we conclude that the commit operation of
T7 accesses a shared object that T mutates. The scenario can be trivially extended to an arbitrary location k
in the read set R by generalizing the transaction 7, with the transaction T4 = writey (k,v1) -commit 0. It
can be shown that for every k € R, the commit operation of 77 accesses a shared object that the transaction
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T¥ mutates. The transactions {T4 | k € R} access disjoint locations. As T'M is strictly disjoint-access-
parallel, these transactions access disjoint shared objects. Thus, the commit operation of 77 accesses a
separate shared object for every k € R. Therefore, the commit operation of T} accesses at least |R| shared
objects. Therefore, the time complexity of the commit operation of T3 is Q(|R]).

This theorem shows that designers should pick at least one of the following sources of inefficiency in the
design of every opaque TM algorithm: aborting non-conflicting transactions, sharing base objects between
transactions that access disjoint locations, visible reads or linear-time complexity of the commit method.
As an example, TL2 shares the clock object between all transactions and is, therefore, not disjoint-access-
parallel. In addition, it has linear-time read-validation in the commit method.

Proof.
Consider a TM algorithm T'M that is opaque, progressive, disjoint-access-parallel and invisible-reads. We

describe the following client scenario with three transactions 77, 75 and T3 and consider its execution with
TM.

1. Invoke initr, () and wait for the response.

2. Invoke readr, (i) and wait for the response.

3. Invoke inity,() and wait for the response.

4. Invoke writer,(i,v1) and wait for the response.

5. Invoke commitr, () and wait for the response.

6. Invoke inity,() and wait for the response.

7. Invoke readr,(j) and wait for the response.

8. Invoke abortr, () and wait for the response.

9. Invoke writer, (j,v1) and wait for the response.
10. Invoke commitr, () and wait for the response.

The resulting history H; for this scenario is depicted in Figure [I5(a)l The initializing transaction Tj (that
initializes every location to vg) and also the initializing operations of each transaction are elided for brevity.

The transaction T} first invokes the init and then a read operation on the location i. As T'M is progressive
and 77 is not in conflict with any other transaction, TM does not forcefully abort the read operation.
Therefore, it returns a value. As T'M is opaque, there should be a justifying history S for the current
execution history (after the read operation returns). As the initializing transaction T is executed before 71,
the real-time-order property requires Ty to be ordered before T; in S. The transaction T writes the initial
value vy to every location and commits. Thus, the read operation returns vg.

Then, the transaction 75 invokes the init and then a write operation to ¢ with the value v; and then
invokes the commit operation. As T'M is invisible-reads, the read operation of 77 is invisible to T5. Thus,
T does not observe any inconsistency and as T'M is progressive, both the write and commit operations are
successful.

Next, the transaction T3 invokes the init and then a read operation on the location j and then invokes
the abort operation. As there are no conflicting operations on j and T'M is progressive, the read operation is
not forcefully aborted. Therefore, it returns a value. As T M is opaque, there should be a justifying history
S’ for the current execution history (after the read operation returns). As the initializing transaction Tj is
executed before T3, the real-time-order property requires Ty to be ordered before T3 in S’. The transaction
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Figure 15: The execution histories constructed by the scenarios in the proof of Theorem The letters
r, w, ¢, and a abbreviate read, write, commit and abort operations. The initializing transaction Ty (that
initializes every location to vg) and also the initializing operations of each transaction are elided.

To is the only committed transaction that has written to j. Thus, the read operation returns the initial
value vg.

Next, the transaction 77 invokes a write operation on location j with the value v1. When this write
operation is invoked, neither 75 nor T3 are alive and T'M is progressive. Therefore, T'M does not forcefully
abort the write operation. Finally, 77 invokes the commit operation. We show that the commit operation
aborts i.e. returns A. Let us assume otherwise, i.e. T commits. As T'M is opaque, there is a justifying history
S” for Hy i.e. S” is a sequential history that is equivalent to Hy, is real-time-preserving and is a member of
transactional sequential specification. As T5 is executed before T3 in Hy, the real-time-preservation property
requires Tb to be before T3 in S”. Thus, there are three possible transaction orderings for S”. We show that
none of them is a justifying history.

o S =H|Ty - Hi|Ty - H1|T» - H1|T3

We have that Visible(S”,T3)|j = writer, (j, vo) - writer, (j,v1) - readr, (j):wo ¢ SeqSpec(j). The read
operation is expected to return the value v; but has returned vy. Thus, S” is not a justifying history.

o S = H1’T0 . H1|T2 . Hl‘Tl . Hl‘Tg

Similar to the previous case, Visible(S”,T3)|j = writer, (j, vo)-writer, (i,v1)-readr, (j):vo ¢ SeqSpec(j).
The read operation is expected to return the value v; but has returned vy. Thus, S” is not a justifying
history.

o S"=H|Ty- Hi|T>- Hi|Ts - Hy|T

We have that Visible(S”,Th)|i = writer,(i,vo) - writer, (i,v1) - readr, (i):vg ¢ SeqSpec(i). The read
operation is expected to return the value v; but has returned vy. Thus, S” is not a justifying history.

Thus, we arrive at a contradiction. Therefore, we conclude that the commit operation of 17 returns A.
Now, we argue that the commit operation of T should access a shared object that T» mutates. Assume
otherwise i.e. the commit operation of T does not access any shared object that 75 mutates. Thus, T5 is
invisible to T7. As T'M is invisible-reads, the read operation of T3 does not mutate any shared objects.
Furthermore, T3 is a read-only transaction. Thus, its abort operation does not mutate any shared objects.
Therefore, T3 is invisible to other transactions. As Ty and T3 are invisible to T3, removing them from the
client scenario does not affect the responses that 77 receives. Therefore, the execution of 77 alone results
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in the execution history Hs depicted in Figure As there is no conflicting transaction and T'M is
progressive, T'M cannot forcefully abort the commit operation of 77. The commit operation should have
returned C but has returned A that is a contradiction. Therefore, we conclude that the commit operation
of T accesses a shared object that 15 mutates.

In the above client scenario, the read set of T} was the singleton set ¢. The scenario can be trivially
extended to an arbitrary location k in a read set R.

1. Invoke inity, () and wait for the response.
2. For each i € R:

2.1. Invoke readr, (i) and wait for the response.
3. Invoke initT{f() and wait for the response.
4. Invoke write (k,v1) and wait for the response.
5. Invoke commit () and wait for the response.

6. Invoke inity,() and wait for the response.

7. Invoke readr,(j) and wait for the response.

8. Invoke abortr, () and wait for the response.

9. Invoke writer, (j,v1) and wait for the response.

10. Invoke commitry, () and wait for the response.

A similar reasoning concludes that for every k € R, the commit operation of T} accesses a shared object
that 7% mutates.

The transactions T: Qk (for k € R) access disjoint locations. As T'M is strictly disjoint-access-parallel, the
transactions T: 2’“ (for k € R) access disjoint shared objects. Thus, the commit operation of 77 accesses a
separate shared object for every k € R. Therefore, the commit operation of 7} accesses at least |R| shared
objects. Therefore, the time complexity of the commit operation of 77 is Q(|R|).

O

Theorem 63 The time complexity of the commit operation of every opaque, progressive, and invisible-reads
TM algorithm that stores information about a constant number of locations in each shared object is Q(|R])
where R s the read set.

The proof of this theorem uses the same client scenario as the proof of Theorem [62} The main difference
is the final step of reasoning. As information about a constant number ¢ of locations can be obtained from
each shared object, the commit operation of 77 has to read at least |R|/c shared objects.

Proof.
The proof of this theorem flows similar to the proof of Theorem [62| to the point that we have that
(1) For every k € R, the commit operation of T} reads a shared object that T4 mutates.

We have that

(2) Each transaction T accesses a separate location k.
From the premises we have that
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(3) Information about a constant number ¢ of locations is stored in each shared object.
From 2 and 3, we have that

(4) At most c of the set of writer transactions 7%,k € R can write to the same shared object.

From 1 and 4, we have
The commit operation of 77 has to read at least |R|/c shared objects.
Therefore,
The time complexity of the commit operation of T} is Q(|R]). O

We restate Theorem 3 of [2] below. Our Theorem [63] generalizes this theorem by dropping the single-
version requirement. Note that the assumption about limited capacity of shared objects is stated before the
theorem in [2] and explicitly in the theorem here.

Theorem 64 (Theorem 3 of [2]) The time complexity of every opaque, progressive, single-version and

invisible-reads TM algorithm that stores information about a constant number of locations in each shared
object is Q(|I|) (where I is the set of locations).
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